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Solutions 
 

Name:111   1      School: 1111111  Grade: 1111111  ID number: 11111111 
 
Show your detailed solution in the space provided after each question. Each 
question is worth 10 points. 

 

 
Sol: 
(a) (3 points) 

The cubes painted on three sides should be located at 
a corner (the yellow ones in the figure). There are four 
at bottom, four at the top of the higher tower and two 
at the top of the lower tower. Thus there are 
4+4+2=10 cubes painted on three sides. 

(b) (3 points) 
The cubes painted on two sides should be located at 
each edge, but not at a corner (the green ones in the 
figure). (7+4+1+2+5+1)×2+2+2+1＝45. So there are 
45 cubes painted on two sides. 

(c) (4 points) 
The cubes painted on one sides are just those at the 
surface excluding (a) and (b) (the blue ones in the 
figure). (3×9+3×3)×2+(3+3)×2+5+1+7－10－45＝42 or (7+2+2)×2+1+7+1+4+7
＝42. So there are 42 cubes painted on one sides. 
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Sol: 
(a) (4 points) 

Mark needs 1 cube for the top layer; 
1+2=3 cubes for the 2nd layer; 

1+2+3=6 cubes for the 3rd layer; 
1+2+3+4=10 cubes for the bottom (4th) layer. 

Therefore Mark needs 1+3+6+10＝20 cubes to make a 4-cubical-tall building. 
(b) (6 points) 

Similarly, Mark needs  
1+2+3+4+5=15 cubes for the 5th  layer; 
⋯⋯ 
1+2+3+4+5＋⋯＋8=36 cubes for the 8th  layer. 

     1＋(1+2)＋(1+2+3)＋⋯＋(1+2+3+4+5＋⋯＋8) 
＝1×8+2×7＋⋯＋4×5＋5×4＋⋯＋8×1＝(1×8+2×7＋⋯＋4×5)×2＝120 
Therefore Mark needs 120 cubes to make an 8-cubical-tall building. 
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Sol: 
(a) (2 points) 

I will take 2 marbles and then can be sure I will win.  
Let ○ and □ denotes the number of marbles I  and the other person take 
respectively and ( ) denotes the number of marbles left after one’s turn. The 
following chat shows all the possibilities: 

□2 (2) → ○1 (1) → I win.  
○2 (4)→ 

□1 (3) → ○2 (1) → I win.  

□2 (3) → ○2 (1) → I win.  

○2 (2) → □1 (1) → I lose.○1 (5)→ 
□1 (4) → 

○1 (3) → □2 (1) → I lose.
(b) (2 points) 

I will take 1 marble and then can be sure I will win.  

○2 (6)→ Here comes the same situation as (a) but it is the other person’s turn, 
so he can be sure to win; i.e. I lose. 

□2 (5)→ ○1 (4)→ The following will be the same as the first 
two condition in (a) and I can be sure to win. ○1 (7)→ 

□1 (6)→ Here comes the same situation as (a), so I can be sure to 
win. 

(c) (2 points) 
Observe the number of the marbles left in (a) and (b). I can be sure to win when 
I make the number of the marbles left be 4, 7 … They are in the form of 3k+1 
where k is an integer. 20－2＝18＝3×6; 20－1＝19＝3×6＋1. Hence I will take 
1 marble and then can be sure I will win.  

(d) (4 points) 
Similarly, I need make the number of the marbles left be in the form of 5k+1 
where k is an integer since each player can take 4 marbles at most. Hence I will 
take 4 marbles and then can be sure I will win since the number of the marbles left  
is 100－4＝96＝5×19＋1. 
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Sol: 
(a) (3 points) 

3 squares can construct 25 regions at most. (See figure (a)) 
(b) (3 points) 
(c) (4 points) 

4 squares can construct 49 regions at most. (See figure (c)) 
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