&
s

LEEA B A YL PMEES 2 FREER
i%ﬁg&%%ﬁéixﬁﬁﬁﬁﬂﬁ§°?ﬁﬁ7§

AR par A A BT TR OE RS
2%1 Eﬁ@/z’k%—”—"ﬁ igg? ?éfgﬁ&%;q:

T oo

¥t TR BT 20 ccmp@seed.net.tw
Notice:

| ndividual students, nonprofit libraries, or schoolsare
permitted to makefair use of the papersand its
solutions. Republication, systematic copying, or
multiple reproduction of any part of thismaterial is
permitted only under license from the Chiuchang

M athematics Foundation.

Requestsfor such permission should be made by

e-mailing Mr. Wen-Hsien SUN ccmp@seed.net.tw



2017 INTERNATIONAL TEENAGERS
MATHEMATICS OLYMPIAD (ITMQO)

DAVAQ CITY, PHILIPPINES

08-12 NOVEMBER 2017

ORGANIZED BY: MATHEMATICS TRAINERS' GUILD, PHILIPPINES
WWW.MTGPHIL.ORG

Key Stage 2 - Individual Contest

1. A mathematics teacher originally designed a 90-teixam which contains 75
guestions. How many questions should be removed fhe exam if the teacher
wants to create a 60—minute exam with the samegedmme for each question
as in the original 90—minute exam® Submitted by Bulgaria FPMG])

[ Solution])

If the 75-question exam is to be taken in 90 migutieen, the new exam lg(—; :é
long of the original exam. So, there should mgz 50 questions in the new exam,

which means 75 — 50 = 25 questions will be removed.
Answer: 25

2. What is the remainder whekt 2+ 2 + 2+ ..+ 2% s divided by 57 Submitted
by Blomfontein, South Africg
[ Solution])
Notice that 2* =1(mod 5 and 1+ 2+ 2 + 2= 0 (mod 5.
Since there are 2018 terms in the series 2Ad8= 4x 504+ . then,
1+2+ 2+ 2+ .+ 2= % = 3(mod®&.
Answer: 3
2. Alex, Bert, Carlos and David are suspects of a mabkery. It has been found
out that:
(a) If Bertis guilty, then Carlos is a partnerciime;
(b) If Carlos is guilty, then either Alex is a pagt in crime, or Bert is
innocent;
(c) If David is innocent, then Bert is guilty andeX is innocent;
(d) If David is guilty, then Bert is also guilty.
Among the four suspects, how many are innodeat®mitted by Central Jury])

[ Solution])
From conditions (c) and (d), we deduce that Beguidty. So, Carlos is also guilty
from condition (a). Moreover, Alex is also guiltypfn condition (b). Now, in
condition (c) again, David is also guilty since Band Alex are guilty. Thus, all of
them are guilty, i.e. none of them are innocent.
Answer:0



3. Asquare is divided by lines parallel to its sidds 4
rectangles as shown in the figure below. The lepnftnside
of the square is known to be an integer, in cm.hileathe
areas of the four rectangles are pairwise disposttive
integers. Find the smallest possible value of tkea af the
original square, in cfn [ Submitted by Central Jury)

[ Solution 1]

Denote the segments as shown in the figure. Obsleat¢he

values ofa, b, x andy must be pairwise distinct positive

integers, otherwise, we will get at least two ragtas with

the same area. Since we want to find the smaltestiple

value of the area of the square, we may take thesafa, b,

xandyas 1, 2, 3and 4. Since+b=x+y and1+4=2+3, @&

we can takea=2, b=3, x=1 and y=4 as the following
figure:

2|2 8

1 4
So, the smallest possible value of the area odjuare is5x 5= 25cnt.

[ Solution 2]
Let the length of a side of the squarealmm. It is obvious that# 1.
If a=2=1+1, then the areas of all four rectangles are 4 wrich is a
contradiction.
If a=3=1+ 2, then the areas of two of the rectangles is 2 arhich is a
contradiction.
If a=4=1+ 3= 2+ 2, then there are at least two rectangles thathaike the same
area, which is a contradiction.
If a=5=1+ 4= 2+ %, then we can get a solution as the following fegur

3|3 12
2|2 8
1 4

So, the smallest possible value of the area odjuare is5x 5= 25cnt.
Answer: 25 cnf



4. Find the greatest positive integer made up of diffedigits, such that if we
remove the leftmost digit, its value wombdcome% of the original number.

[ Submitted by Mongolia}
[ Solution)

Suppose the leftmost digit &and remaining number i, then we haveaA=5A.
Subtracting A from both sides of the equation, we get0...0=4A, or

25xaQ...0= A. If n>3, then the numbek will have the same last two digits (which
n-2

is 0), so it's not possible. Ih=3, then the number will beA=250a should have at

least 3 different digits. From here, we can eag#y the maximum which occurs

when a=3.

Answer: 3750

5. Threebrothers have some candies in a pile. On thedagt the eldest brother
divided all the candies into three equal parts &itemainder of one candy, and
then this eldest brother took one part. On thersgday, the youngest brother
divided all the remaining candies into five equailtp with one remaining candy,
and then this youngest brother took two parts.t@rthird day, the third brother
divided the remaining candies into five equal paits no extra candy left.
After the third brother had taken three parts ofdtas, what is the minimum
number of candies left in allPSubmitted by Central Jury]

[ Solution]

From the way the eldest and the youngest brotlvaeti the pile, we can let5n+ 1

be the number of candies in the original pile. Aftes first day, there would be

10n+1 candies left. After the second day, there would@oe+ 1 candies left. Now,
we want this to be divisible by 5, so the smalpestsiblen that satisfies this

condition is whenn=4. Thus, after the second day, there will e+ 1= 25

candies left. After the third brother had takenaBt® the minimum number of

candies left is25x (1—g)= 1C candies.

Answer: 10

6. How many numbers from all 2-digit, 3-digit and 4ytlinumbers are neither
divisible by 12 nor by 30T Submitted by Bulgaria FPMG])
[ Solution]
There is a total of 9990 numbers with 2, 3 or 4tdigAmong them, there are 833
numbers that are divisible by 12, 333 numbersdhadivisible by 30 and 166
numbers that are divisible bg0=[12, 30.
So, there aré9990- 833- 333 166 89¢ numbers.
Answer: 8990



7. If ABCD andKLFC are two squares so tHaitK andL are collinear. Pointsl
andP are onAC, pointsN andQ are onBD so thatMNPQ is also a square, as
shown in the figure below. IIMN = BK and area of quadrilaterBCPN is
2017 cm, find the area of squak_FC, in cnf. [ Submitted by

Bulgaria FPMG]) F

M N K

A B BC? — NP?
Observe that the area of quadrilatd&@PN is equal toT and the area of

[ Solution]

squareKLFC is equal to KC?. SinceB, K andL are collinear, IBKC =90°. Thus,
by the Pythagorean Theorem,
KC?=BC?-BK?=BC?-MN?=BC?2- NP ?=4x2017= 806! cnf.
Answer: 8068 cm

8. There are 70 boys and 30 girls that participateal sshool chess tournament. In
each round, all participants are grouped into S56s@and each pair plays one
game. After three rounds, 21 games were playeddsstwirls. How many
games were played between boy§Submitted by Mongolia]

[ Solution]

After 3 rounds, 30 girls playe®0x 3= 9C games altogether. Here, 21 games played

between girls are counted twice. The remainB@- 2x 21= 4¢ games are played

between boys and girls. Now considé@x 3= 21C games played by 70 boys. As we
know, 48 games were played between boys and gBls. the remaining

210- 48= 16: games were played between boys. By the same liegsearlier, we

should divide this number by 2, so between boysy tllay 81 games.

Answer: 81

9. If OA andOD are perpendicular segments each A
with length of 20 cmAB, BC andCD are
segments of equal length such that
OOAB =30°=0O0DC. E andF are points o©D B
such thaBE andCF are perpendicular tOD. Let
[P] denote the area of the polygBnDetermine C

[OABE] +{CDF] . .
BC

[ Submitted by Central Jury]




[ Solution]
Notice by symmetry tha8C makes an angle of 45° A__D
with OD. Observe that we can reflect and rotate
triangleCFD and move it to ABD' so thaiCD
coincides withAB to form a rectangleAOED’. Now B
let AB=BC=CD =2acm. ThenOE=a cmand
hence the area of rectangl®OED’ is 20 cnt. Thus, C
[OABE] +|CDF] _20a

BC 2a

=10cm.

Answer: 10 cm O E F D

10. In today’s school fair, donuts were given out foacsks. Each student got 2
donuts, while each adult got 3 donuts. All of timt gfudents ate just one of their
donuts, and gave away their second one to thetodgsts. The adults ate all of
their share of donuts. Finally, there are 23 bogents that ate 4 donuts and all
of the remaining boy students ate 3 donuts. We kilnatva total of 237 people
joined the fair and ate a total of 508 donuts. Hoany boy students attended
the school faird Submitted by Bulgaria FPMG])

[ Solution])
Leta be the number of adults,be the number of boys and ¢ be the number of. girls
Then,

2(b+c)+3a=508 a+tb+c=237, 2b+c=23x 4+ p— 23K L

Hence, b+c=3x237- 508 20. and c=23+b. So, b=90.
Answer: 90

11. In the figure below, AB =5AD = 70cm. DNC andAMB are two semicircles and
pointsM andN are the midpoints of aré3C andAB, respectively. Find the area

of the shaded region, in énTake 77=272. [ Submitted by Central Jury])

N




[ Solution])
Observe thatAD =14cm and the radius of the N
two semicircles are both 35 cm . So, the area of

the figure is 70x 14+ 77x 3% = 986~ 122&cnTt.

ConnectMN. Let pointE be the intersection of

AB andMN and point- be the intersection @D E
andMN. Therefore, triangl&EN andCFM are D C
congruent right triangles aidFC andMEA are
quarter circles. SinceAE = FC =35cm and E
NE = MF =35+ 14= 4¢cm, the area of the
unshaded region is

%xBSx 49x 2+:11xﬂ>< 35x 2= 1715%5770

M
m’. Hence, the area of the shaded region is

(980+ 12257 ) (17151222571 ¥ 122577— 735 1925 735 1lcn?

Answer: 1190 cm

12. The diagram shows six circles lying in 3 differénes. @
Three of the circles are numbered 42, 16 and 7Rwhi
the remaining three circles should contain positive @ @
integers, such that product of the numbers writtezach
of the three lines are the same. How many diffeneyts
can this be donePSubmitted by Mongolia) ()

_ -/
[ Solution)
Denote the numbers in the remaining three cirales fieft to right to bea, b andc.
Since 42x16xa= 42 7%c, we have2a=9c. This equality holds whera=9d,
c=2d for some positive integat. Now, we should havel2x16x @ = @ xbx 2
or bxd=336. Since 336= Z x 3x 7, there are(4+1)(1+ 1)(I+ 1= 2( solutions of

the equationbxd =336.

Answer: 20

13. Suppose one of the symbalsA , Vv is inserted into each of the unit squares of
the 2x6 chessboard. How many different ways can these shaie inserted
into the unit squares of the chessboard suchlteadame symbols are not placed
between any two unit squares that share a comrdef? $Note: Rotation or
flipping should be considered different.f Submitted by Central Jury]

[ Solution])

Let us determine how the symbols should be puteatth column starting with the

left-most column. Since the same symbol cannoti®deed adjacent to each other,

there are3x 2= 6 ways of filling the left-most column. For eakhvith 1<k<5
suppose th&-th column from the left is filled as:

4



then the K+1)-th column from the left must be filled by onktloe following three

ways:
Bl |B| |C
] C ] -

Therefore, the number of ways of filling the boxd#she grid by the symbal, A , v
is 6x3 =3P x 2= 145¢,

Answer: 1458

14. How many ways can we choose 3 different numbers tie set {1, 2, 3, ..., 24,
25} so that they have no common divisors greatan th [ Submitted by
Mongolia}

[ Solution])

25
There is a total o( 3 ] =2300 different ways to choose 3 numbeas<b<c.

From the total, we should remove those numbersilgas@mmon divisor greater than
1. Now, we work on removing common divisors tha prime numbers. If a prime

numberp dividesa, b, ¢, then c=>3p, so we haveps‘2—35 or p=2, 3,5, 7. Denote

by N, is setordered triplea<b<c all divisible byp. We have
12 _(8)_ _(5)_ (3)_
IN, |= 3 =22C, |N;|= 3 =56, |N;|= 3 =10, [N, |= 3 =1.
All these setsN,, N,, N;, N, are disjoint, except the sefd,, N, intersecting
4
by the setN, having (3j=4 triples.

So, 2300- (220+ 56- 16 ¥ 4 2300 283 20 triples have no common

divisors greater than 1.
Answer: 2017



