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Key Stage 3 - Team Contest

= 1 _2 2018 201
1. Let f(x)= 9 3 Calculatef(2017)+f(2017)+...+f( 501 +f( 501
[ Submitted by Bulgaria)
[ Solution])
Notice that,
9? g
f(a)+ f(l—-a)= +
(a)+f(1-a) ®+3 9?2+3
_ 9? N oxg?
P+3 9x 9%+ 3
_ 9, 3x9°
9°+3 3x9%+1
_ 9 3 _
= + =
P+3 F+3
So,
zam)* (300 = " [z ' [ —salr -
2017 201 201 20
201
(2017)”( 201 ( 201)7 ( 201)7 L
100 100 100
o +f(201% ( 01§ f(l 2017 !
2 201 201
and f(2017)+f(201)+ +f( 04t f( 0141008
Answer: 1008
2. In AABC, pointM is betweer andB such B

thatAM : MB = 1 : 2. Point$\ andP are

betweenC andM such thaCN : NM = 3 :

2,CP:PM=1:5. SegmentdN andBC

intersect at poin®. Segment®Q andAC

intersect at pointt. Find the ratidCL : LA. M Q
[ Submitted by Bulgaria SMG])




[ Solution 1]

From the given, we know th&P : PN : NM =5 : 13 : 12. We apply Menelaus theorem
to AMBC and lineAN, AABQ and lineCM, and toAANC and the lindQ.

B
M Q
A L C
B B
M Q M Q
A L C A L C
We have BQx CN x AM =1, so B—Q:Z; AM BCXQN =1, and taking into
CQ MN AB CQ BM QC AN
account the previous equality, we hageuzz. Finally, from AQx NPXCL =1
AN 3 NQ CP LA
: : CL 2
and the previous equality, we obtath— =—.
LA 13

[ Marking Schem@
Apply Menelaus theorem correctly, 10 marks

Observe thatE =2, 10 marks
CQ

ON

® Observe that=— =E, 10 marks
AN 3

® Observe thatg =£, 10 marks
LA 13



[ Solution 2)

From the given, we know th@P : PN : NM
=5:13: 12. We can solve this by applying
mass point geometry or “Law of the lever.”
Consider the systerABC and lineAQ, CM.

If the force component on poiM is 3, then
the force component on poiAtis 2a and the
force component on poird is a. Hence, the
force component on poir€ is 2a and the
force component on poirtl is 5a. So, the
force component on poir® is 3. We get
ﬂ = § and B_Q = Z ]

NQ 2 QC 1

Next, consider the systeAQC and lineQL,
CN. If the force component on poihtis 5,
then the force component on pofdtis 13
and the force component on poltis 18&.
Hence, the force component on pofnis 2a
and the force component on poipis 3. So,
the force component on poihtis 1. We
¢ CL_ 2
LA 13

[ Marking Schemg
® Apply Mass Point Geometry or “Law of the leverreectly, 10 marks
® Find the force components on each point of theegy®BC and line AQ, CM,
10 marks
® Find the force components on each point of theegy®tQC and line QL, CN,
10 marks
CL_2

® Observe thatltA 13, 10 marks

3. Find the largest integgrsuch that14?°" + 2°°*' s divisible by 2°.
[ Submitted by Bulgaria FPMG])
[ Solution])

147017 4 %007 = 22017( 7% j and 7%= 7x(72)10085 7(mod8, therefore,

147 + 2%%V= o mod 2%, but 7% +1= 7%( 7)) = 7+ 1= § mod?).
Answer: 2020.



4. In pentagoABCDE, pointsM, P, N andQ are midpoints oAB, BC, CD andDE
respectively. While pointk andL are midpoints oQP andMN, respectively, as
shown in the figure below. KL = 25cm, find the length oA, in cm.

[ Submitted by Bulgaria)

A M B

[ Solution]
ConnectBE andCE. LetT be the midpoint Q N
of BE. ConnecQN, NP, PT andTQ. ‘
E NN /k

In triangleABE, TM =%AE andTM//AE. ‘;Il C
In triangleECD, QN:%CE andQN//CE. 4‘

—

In triangleBEC, TP=§CE andTP//CE. ‘

So,TPNQ is parallelogram.
ConnectNT andTM. A

In triangle NTM , KLzéTM andKL//TM

since K is the midpoint ofQP and L is the midpoint of diagonaNT. Hence,
KL:%AE, i.e. EA=4KL =100cm.

Answer: 100 cm
[ Marking Schemg

Plot pointT, 10 marks
Show thafTPNQ is parallelogram, 10 marks

Observe thatkL =%TM , 10 marks

® Observe thatkL =%AE, 5 marks

® Get the correct answer, 5 marks.



5. Letxandy be positive integers, wheré< x<y< 201& How many ordered
pairs §, y) are there such that® + 2018 = y?+ 2017 * [ Submitted by
Bulgaria SMG])

[ Solution]

The given equation is transformed 6 — x* = 2018 — 2017,

sothat (y+x)(y—x)=4035= 3x 5¢ 26

Becausey+x and y-x are positive integers, it follows

y+X=5% 269 y+ Xx=3% 269 y+XxX=269 y+ X=3%5x 26¢
or or r
y—-Xx=3 y—X=5 y—-x=15 y—-x=1
Solve them and get
X=671 x =401 x=127 x=2017
or or or
y=674 y =406 y =142 y=2018

But the last pair (2017, 2018) does not satisfycbraditions, thus, there are only 3

pairs of positive integerx(y).

Answer: 3 pairs

6. PointsA, B, C, D andE are on the circumference.
ChordAC is a diameter of the circle, as shown in
the figure below. If JABE = OEBD =[1DBC,

BE =16 cm and BD =12\/§ cm, find the area of
pentagorABCDE. [ Submitted by Indonesia] C
[ Solution])

Since OABE = JEBD =0DBC and AC is divided E

into three equal lengths, SSE =ED =DC. ABCD is a D
cyclic quadrilateral, soJA+[ID =180

andJE +[B=18C.

B




Look at triangle/ABED, since AE =ED, so if we rotate’\BED clockwise, with
center of rotation a poir, then pointD placing pointA and form a new triangle
/ABED' as shown in the figure below.

B A=D B

E

And since BE =B'E, and JEBD' =[JEB'D’ so /A\BEB' is an isosceles triangle.
LABE =[JEBD =1DBC =30°,

and altitude of ABEB' is equal to%BE =8 cm, BB =163 cm

The area of ABEB' = 16\/§x 8_ 643 cnf

If we do the same action fgk BED counter clockwise with central of rotation

at pointD, so pointE placing pointC and form a new triangle\BDB" as shown in

the figure below. ,
C=E B"

B

And since BD =B"D, and UDB"E' =[DBE' =30°, /\BDB" is an isosceles
triangle. The altitude of/ABDB"is equal to% BD =64/3 cm, so BB" =36 cm. The

area of /\BDB" = 36><26J_3: 108/ 3 cnd.

1
: 16x 12/ 3x =
The area of\BED=2P* BEZXS'nw = . 2 - 48/3 cnt.

Hence, the area of pentagdBCDE = Area/\BEB' + Area/\BDB"— area/\BED

=64/3+108/ 3 4§ = 124 3 cf

Answer: 64/3+ 108/ 3- 48 3 124 3 ch

[ Marking Schemg

Found the area ofABEB', 10 marks
Found the area ofABDB", 10 marks
Found the area ofABED, 10 marks
Correct answer, 10 marks



7. A 10x10 chessboard is dissected into thirty-three3 or 3x1 rectangles
and one unit square. In how many different pos#tioan this unit square be, if
the chessboard may not be reflected or rotatfd®ibmitted by Central Jury]
[ Solution)
We first label the 100 squares A, B or C diagoryatliagonal in two ways, as shown
in the diagram below. In each labelling, there3é\s, 33 Bs and 33 Cs. Since each
rectangle covers one square with label A, one ®itind one C, thelx1 square
must occupy a square with label A in both labeBinghere are 16 possible positions
for it. Each position is attainable. Just add thie€3 rectangles in the same row, and
fill the remaining three groups of three rows wiBx1 rectangles.

A B/ C/IAIB|[CIA/B|C[A A B/[CIAIB|ICIA|B|C|A
BIC/A|B|C|A|B|C|A|B C/IA|B|C|A|B|C|A|B|C
C/A|B|C|A|B|C|A|B|C BIC/IA|B|C|A|B|C|A|B
A B C/IAIBI[CIA/B|C[A A B/[CIAIB|ICIA|B|C|A
BIC/A|B|C|A|B|C|A|B C/IA|B|C|A|B|C|A|B|C
C/A|B|C|/A|B|C|A|B|C BI/C/IA|B|C|A|B|C|A|B
A B/ C/IAIB|I[CIA/B|C[A A B/CIAIB|ICIA|B|C|A
BIC/A|B|C|A|B|C|A|B C/IA|B|C|A|B|C|A|B|C
C/A|B|C|A|B|C|/A|B|C BI/C/IA|B|C|A|B|C|A|B
A B/ C/IAIB|[CIA/B|C[A A B/CIAIB|IC/IA|B|C|A
Answer: 16

8. Prove the inequalityx/99x 101++/ 98 102 .+JT199% [ Submitted
by Bulgaria_ SMG]

[ Solution]) A

Consider a quarter circle with radius 1.

Now, inscribe a row-like figure consisting of 99 \

rectangles, each of them having a base |eﬂl%f-5].

The area of the first rectangle is:

S =08 x A8 = 0B/1- 0B = Y2101

the area of the second rectangle is:

2, _~98x102 OB
S2_100\/ “od = 100

and so on. The area of the last oneSg =

100 (103 100

: . 1 : :
So, the total area of the figure is less thfnof the circle area, i.e.

1\/1_ 99, _/1x 199



V99x101 98 102 & 199 7
100° 100 106 ¢

[ Marking Schemg
® Construct a quarter of a circle and inscribe tlotarggles, 15 marks.
® Find the rules of the areas of the rectangles, 4%
® Conclude the inequality, 10 marks.

9. A computer randomly chooses three different poantshe o o o
given grid (all points have the same chance ofdeltosen)y o o o o
Let ap be the probability to form a triangle withthese ¢ o o o @
points (this fraction is written in its irreduciblerm). Find e e e e e
the sum op andqg. [Submitted by Central Jury] . o o

[ Solution])
There areC;* =1330 ways of choosing 3 points out of 21. They willifoa triangle

if not all three are on the same line. We can lsaethere areC? x6=60 ways to
choose three points on one of the 6 lines (blaak)iy exactly 5 points of the grid,
C, x4=16 ways to choose three points on one of the 4 [iple®) having exactly 4

points and C; x14=14 ways of choosing three points on one of the 1dslifred)
having exactly 3 points.

Thus, the number of ways in which a triangle cafopeed is

1330- 60- 16- 14 124. The probability is then— =%;1, and soq+ p=257.
q

Answer: 257

10. Jane has 12 marbles, where in one is fake. Sheoaeertain if the fake marble
Is heavier or lighter than the real marble. Whahesminimum number of
weightings needed to find the fake marble and detex whether the fake
marble is heavier or lighter than the real marldg@lain your answer.

[ Solution]
Jane would need to divide the 12 marbles into tgreaps @, A, A, A,),
(B.B,,B;,B,), and C,,C,.C;,C,).



She begins by balancing,, A,,A,,A, and B,B,,B,,B,. If both balance, then she
would know that one ofC,,C,,C,,C, is fake.
Now, she chooses 3 marbles fromC,,C,,C, (assume that she has chosenc,,C,)

and balance it against any 3 from of the known genmarbles (assume that she
chosep, AL A). If they balance, so the fake one@s. Otherwise, if they don't

balance and thaC,,C,,C, is heavier t&\, A,, A,, she can conclude that the fake one is
heavier and she chooses 2 franC,,C, and do the weighing (assume she chose

C, andC,, if they balance, the fake marble &, otherwise, the fake one is the
heavier marble. (it's the same way scenario if aumieof the set is lighter).

Now, suppose that she balancgsA,,A,,A, and B,B,,B,,B, and it didnt't balance,
so C,C,,C,,C, are all genuine. Suppose that A,,A,,A, was heavier than

B, B,,B,,B,. For her second balance, she replaces 3 marbias &, A,, A, A,
(suppose she has chogem,, A,) with 3 marbles fromC,,C,,C,,C, (suppose she has
choserc,C,,C,), and in addition, swaps, to one from B,B,,B,,B, (suppose she
choose B,). So, for the second balance we do weigh@yg,,C,,B, and B,B,,B,,A,.
If it balances, she knows that one of the one f8dballs A, A,, A, is fake and

heavier, then he only need to know a third weighognow the fake one.
If C,C,,C,,B, is lighter, one of the 2 balls swappet ¢rB,) is fake, so on the third

weighing , weigh one marble frorg,,C,,C,,C, with A, if it balance, we know that

B, Is fake and lighter, if not, thex is fake and heavier. IB,B,,B,,A, is still

lighter, she would know that one &8, B,,B, is lighter, then she only needs the third
weighing to know the fake marble.

In any case, minimum three balances are required.
Answer: 3 weighings

[ Marking Schemg
® Reason why we cannot do with 2 weightings, 10 marks
® Give a solution with 3 weightings , up to 30 maffartial credit to be given
depending on progress)
® Show a solution with 4 weightings, which of couiseaot the right solution,
10 marks
® Solutions for 5 weightings or more, 0 marks.



