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1. Letaandb be real numbers such that the equatidnt ax® + 2x*+bx+1=0
has at least one real root, what is the minimunsiptesvalue of a* + b*?
[ Submitted by Jury])
[ Solution]
_(r*+1)y°
=
By Cauchy’s Inequality,(r* +1)(a® +b?*) = (ar >+ b) > By the Arithmetic-Geometric
Means Inequality, we have

Letr be a real root of the equation. We then writectheation asar” +b

CrPH2rt 1+ A+ 4%+ 42
r’(r*+1)
r‘+1 4’
= + +
r>  (r*+1)
>4+4=8

Answer: 8
2. On an infinite chessboard, the squares at thesitéons of every fourth row
and every fourth column are removed. Prove thatnbt possible for a Knight to
visit every square exactly once which has not hearoved.[ Submitted by
Jury]
[ Solution)

Consider a61x 61 subboard with the four corners o o o
squares removed, among others. These squares are

shaded in the diagram below which shows the upper * ° ° °
left corner of this subboard, bounded by the double _*®

lines. If we paint the infinite chessboard in tiseial o

pattern, all shaded squares have the same codyur, s e

black.

Now the subboard hag1* = 3721 squares,
3721-1

=1860 of which are white. Of the 1861 black °




squares,16° = 25€ have been removed, leaving behih@861- 256= 160. There
are also4x (61+ 1)= 24¢ black squares outside the subboard that are wathin

Knight’s move from some white squares inside tHeébsard. These are marked with

black dots in the diagram. Sind605+ 248= 1853 18, it is impossible for a

Knight to tour every white square in the subboadduse a Knight must visit

squares of opposite colours in two consecutive move

[ Marking Scheme]

® Consider a61x 61 subboard with the four corners squares removedngm
others, 10 marks.

® Observe there are 1860 white squares, 5 marks.

® Observe there are 1605 black squares without bemgved, 10 marks.

® Observe there are 248 black squares outside thmatdthat are within a
Knight's move from some white squares inside tHgbsard, 10 marks.

® Observe the result holds sind®05+ 248= 1853 18¢€, 5 marks.

Supposex = 7116 whena is a real number. What is the minimum value of
J1+8x ++/1- 8 ? [ Submitted by Philippines)
[ Solution])

8a
J1+8x ++/1- & = \/1+ \/—
a’+16 a’+16

:\/a +8a+16+\/a2—8i+ 16
a’+16 a’+16

_ J(a+4)2 . J(a—4)2

“Vaz+16 \ a2+16

_la+4+ja-4
Ja’+16

—a—4—a+4 2a\/a +16 8/ 2[
Ja?+16 a’+16 32

+4-a+ av/a’ +
atd-at+4,_ ? 162 8/T6=2.Inthis
Ja’+16 a” +16 1

case, the minimum value happens wher 0.

Case 3: Whena=4:
at+t4+a- 4 2a+ a° +16 8/ 2[

Ja?+16 a’+16

Thus, the minimum value of/1+ 8x +/1- & is /2.

Case 1: Whena<—4:

Above expression is equal |

Case 2: When-4<a<4:

Above expression is equal

Above expression is equal |

Answer: \/E



4.

In the figure, point® andE lies along sidesB andAC of triangleABC such
thatDE is parallel taBC. It is known thaAD =DE =AC=r and BD = AE=s.
Now, a regular decagon is inscribed in a circle seh@adius is. Prove that the
length to a side of this decagon is equal tbSubmitted by Jury])

D /\ E @
B/ \C

[ Solution 1]
Since AD = DE = AC, the circle with radiu&C may be centered & and passing
throughA andE. Since BD = AE, the problem is equivalent to proving that
[JADE =36°.
Since AD =DE andDE is parallel taBC, [IDAE =[DEA=[BCA, so that

AB = BC. Complete the parallelograrBOEP andAEPQ. Then AE =BD =PE, so
that AEPQ is actually a rhombus. LeflPAQ =68. Then OPAE =6 and it follows

that JBQP =0ACP =26. Since BQ=BP=DE=AC and PQ=AQ=PC,
trianglesBQP andACP are congruent, so thdllADE =[1QBP =[ICAP =46. It
follows that 56 =180 and indeedf =36°.

[ Marking Scheme]

Observe the problem is equivalent to proving theAaDE =36°, 5 marks.
Show that AB =BC, 10 marks.

Construct the parallelograrBOEP andAEPQ, and then show th&EPQ is a
rhombus, 10 marks.

Show that triangleBQP andACP are congruent, 10 marks.

Conclude thatlJADE =36°, 5 marks.



[ Solution 2]

Since triangle®ADE andABC are similar, thenAD _AE_DE_ 7 =3
AB AC BC r+s r

~1++/5
2

We have r’> =rs+s?, that is s* +rs—r?=0.Solve the equations= r.

_1+\/g
2

s can not be negative. Hence=

r=¢r.
On other hand, a regular decagon is inscribedcincée whose radius is the length
to a side of this decagon is equalitg . Hence it length is.

[ Marking Scheme]
AD AE DE

® Show that triangleADE andABC are similar and = = , 10 marks.
AB AC BC

_1+\/§
2

® Show that the length to a side of this decagonigkto r¢, 20 marks.

® Show thats=

r=¢r 10 marks.

5. For any positive integer and non-zero digitg, b andc, let A, be am-digit
integer each of whose digits is equaatdet B, be am-digit integer each of
whose digits is equal toand let C, be an 2-digit (notn-digit) integer each of
whose digits is equal @ What is the maximum value ai+b+c for which
there are at least two valuesnaguch thatC, - B, = A°? [ Submitted by
Thailand]

[ Solution)
Observe A =a(1+10+1G +---+ 10" a><10n — 1; similarly B, = b><10n -1 and
= 1()2” -1 i — A2 .
Cn = . The relationC, - B, = A7 can be rewritten as

9 9
Since n>0, 10" >1 and we may cancel out a factor %P;—_l to obtain

cx (10" +1)-b=a’x (10;" L

This is a linear equation id0". Thus, if two distinct values of satisfy it, then all

values ofn will. Matching coefficients, we get
2 2 2
2
:a_ and C—b:—a—,SO :i_
9 9 9
o a’ o .
To maximize a+b+c= a+§, we need to maximiza Sinceb andc must be



integersa must be a multiple of 3. Ia =9, thenb exceeds 9. However, i& =6,
then b=8 and c=4 for an answer of 18.
Answer: 18

6. How many positive integers1< 2018 are there so that it is possible to arrange
the numbers from 1 toin some order, such that the average of any gobtywo
or more adjacent numbers is not an integdr8ubmitted by Jury])

[ Solution])

. ) +n- . .
The sum oh consecutive numbers Iw wherea is the first of these

: 2a+n-— L : : "
numbers. Their average IgaTnl’ which is an integer if and onlynifis odd. In

our problemn cannot be odd. We now show timatan be any even number. Arrange
then numbers in their natural order and group them jpatios. Reverse the order
within each pair to yield the arrangement 2, 13,4, 5, ... n, n—1. Consider an¥
where 2<k <n. Consider first the case whetés odd. Anyk adjacent numbers in
our arrangement consist bConsecutive integers except that the one whiclotisn a
pair is replaced by its partner, which differs frarby 1. Thus the sum of theke
numbers ismk £1 for somem, so that their average is not an integer. Finally,
consider the case whekés even. Anyk adjacent numbers in our arrangement consist
of k consecutive integers, possibly with the two atdhds not being in pairs and
replaced by their partners. Since one would besas®d by 1 while the other would
be decreased by 1, the sum is not affected byefllacement. So the average is not

an integer. Thus there ar%%gzloog positive integers.

Answer: 1009
[ Marking Scheme)
® Observen can not be odd, 10 marks.
® Supposais even and then yield the arrangement 2, 1,8,83,...,n, n—-1,5
marks.
® Consider ankwhere 2<k<n,
Show that their average is not an integek isodd, 10 marks.
Show that their average is not an integek eseven, 10 marks.
® Conclude thah is even and the answer is 1009, 5 marks.



