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Chapter 16 Introduction to Statistics

In our daily life, we often collect data and acalate
information. We would then classify the data, stadg analyse them
until we can detect some pattern and extract usefioimation from
them. The branch of mathematics specialising in shely and
analysis of data in an organized manner is caltatisics. This
chapter teaches some elementary knowledge oftgtatend some
useful statiscal methods.

16.1 Population and sample

Let us study the following examples:

1. A department would like to study the body weighGrade 9
students in a certain region so as to understand atmwut the health
and body growth of Grade 9 students. Thereforethal Grade 9
students in the region will be the subject of thedg. However, as
there are so many Grade 9 students in the regionpnaplete
examination of all Grade 9 students individuallyl waike too long
and cost too much effort and is therefore not prabte. Therefore,
only a sample of the students (e.g. 200 studeats)oe selected for
examination. The averge body weight of the samafel® used to to
infer the body weight of all the Grade 9 studentthie region.

2. To know the corn production rate of a cetainzeadarm (e.g.
the average number of ears of corn produced byizenpéant), it can
be established that all the maize plant in the failhbe the subject
of the study However, there are so many maize plarthe farm that
it is not practicable to examine all the maize plewividually. So
only a sample of maize plant is selected (e.g. fi@@es) for the
study. Based on the average number of ears ofpronfuced by this
sample of 100 pieces of maize plants, we can itifer average
production rate of coins in this maize farm.

3. To examine the casualty radius of certain batdbombs (e.g.
to examine the average casualty radius). This &ineikamination is
destructive because the bomb has to be detonatddrebe

- 307 -

measurement of the casualty radius can be madettsatdthe
detonated bomb cannot be used again. Even thowegk #re not
many bombs in the batch, we cannot examine evezyobthem but
have to extract a sample (e.g. 10 bombs) for examim Then we
can use the average casualty radius of this saofpl® bombs to
infer the average casualty radius of all the bomltkis batch.

The whole group of objects to be examined is dallee
population, in which the individual object under study isledl an
element. The set of elements being extracted from the labipn is
called asample. The number of elements in the sample is called th
samplesize.

In the first example, the whole group of Gradefisnts in the
region is the population. Each student is an elém&he 200
students extracted is a sample selected from tipeilgon. The
sample size is 200.

In the second example, all the maize plants inntlagze farm
form the population. Each maize plant is an eleméné 100 maize
plants extracted is a sample selected from thelpbpn. The sample
size is 100.

In the third example, the whole batch of bombhéspopulation.
Each bomb is an element. The 10 bombs extracted thie batch is a
sample selected from the population. The sampéeisi0.

As we can see, the object under study in staisiec a
guantitative measure of a certain attribute. In firet example, the
object under study is the body weight of all Gr&dstudents in the
region, not the study of the students in general.

It is common to have a lot of elements in a popata(such as
in Example 1 and Example 2). Sometimes, there [sanke a limited
number of elements in a population but examinatbrwhich is
destructive (such as Example 3). In either case;ameonly afford to
extract and analyse a sample selected from thelgtopuy and to use
the sample result to predict the correspondingadtearistics of the
population.
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Practice
1. From each of the following questions, describe wisatthe
population, the element, the sample and the sasigde
(1) To examine the situation of mathematesamination take
by graduates of junior high school in a certainiorgthe
examination result of 200 students are extracted.
(2) To understand the life of certain batch of lightids, 10 light
bulbs are extracted for examination.
(3) To examine the daily numbef visitors of a park in the ye:
the number of visitors of 30 days within the yesaextracte
for statistics.

2. Give a real life examplef examining a population throu
sampling.

16.2 Average

The results of a Mathematics test of Group 1 sitedm a class
are:
86, 91, 100, 72, 93, 89, 90, 85, 75, 95.
What is the average result of students in this gffou
Obviously, the average result is:

86+ 91+ 100 72 93 89 96 86 A 95, .
10 '

In general, if there are numbers,

then
X200+ e+ X,) )
n
is called the average of thesenumbers, The symboﬂ is read as

“x-Bar”.
For the convenience of writing, sometimes+ X, +---+ X will

be written ast, where Z is the summation sign, read as

i=1
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“sigmd . »'x isread ass-x-i, wherei runs from 1 ta. The
i=1
symbol stands for the sum of data from to X . Therefore,
Formula (1) can be written as

x=1yx 0
ni=
Practice
1. Calculate the average of each of the following groof
numbers:

(1) 1.4,28,5.3, 3.7, 2.3;
(2) -0.3,0.2,0.3,-0.4, 0.6, 0.3, 0.5,-0.4.

2. Re-write the following expression using the sumorasign X :
(1) R+P+-+P;

(2) y1+y2+"'+yn-

In a final examination, there were 10,000 candislatve would
like to understand their average result in Math&satHowever, if
we add the results of all the candidates and dividey the total
number of candidates, it will take a lot of timedagffort and is not
feasible. In this case, we can use the methodmplag to infer the
average for the population. That is to say, exteagample of the
candidates, calculate the average result for thepkaof candidates
and use the average result of the sample to inéeatverage result of
all candidates.

The average of all elements in a population ikedadopulation
average. The average of all elements in a sample is caedple
average. For the result of the population of 10,000 caatkd, the
average result of all candidates is the populatieerage while the
average result of the sampled candidates is th@lsaaverage. We
usually use the sample average to infer the pdpulaverage. In
general, the larger the sample size, the more atxtine prediction
will be. For example, when more candidates areaetead, the
sample average will be closer to the populatiomaye
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[ Example 1] From the candidates of the final examination, the
result of 30 candidates were extracted asvid]
90 84 84 86 87 98 78 82 90 93
68 95 84 71 78 61 94 88 77 100
70 97 8 68 99 88 85 92 93 97
Calculation the sample average (round to terest
integer).
Solution X = (90+ 84+--. + 97)= 2202~ g
30 30
i.e. The sample average is 85.
Therefore, it can be inferred that the averagelt of the
candidates taking the examination is 85.

[ Example 2] From a batch of machine parts, 20 pieces are

extracted and the weight of the 20 piecesare
follows (Unit: kg):
210 208 200 205 202 218 206 214 215 207
195 207 218 192 202 216 185 227 187 215
Calculate the sample average (round to theesea
integer).

Solution §<=2—10(210+ 208+ 215) 229

20
i.e. The sample average is 206 kg.
Therefore, it can be inferred that the averagmght of
each machine part in the whole batch is apprateiy 206

kg.

20Kkg.

As the data values of the sample in this exarapdarge,
varying about 200, we can simplify our work bgadifying
the method as follows:
By substracting 200 from each of the data abaeegbtain
a new set of data:
10 8 0 5 2 18 6 14 15 7
-5 7 18 -8 2 16 -15 27 -13 15
By calculating the average of this new set daddae
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obtain:
;(' :i(10+ 8+..-+ 15):£9: €
20 20
Adding back the value of 200 subtracted, we ialitze
answer of the the average of the sample as:

X=X +200= 6+ 200= 20t
The results of both methods are the same. Wseaithat
using the modified methothe calculation involves
smaller value of data and is thus easier tooperf

In general, if we substract a constant nunéér from each of
the datax,, %, ..., X,, we will get:

! !

X =X—a, %=X-4a,.. X =X -a

or
X =x+a, X =X+a,.. X =X +a.
Therefore,
-1
X:E(><1+Xz+"'+xn)
1 1] 2 ]
=[04+8) +(G @)+ 4 (X, +a)
= (4 #, %) +
=£(x’+x;+---+x;)+—1-na
n n
=X +a
That is,

Xx=x +a @
This equation (2) is the one used in the modiimethod in
Example 2.

2 We usually rounded the sample average to a seitatsiger as the constant
numbera.
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[ Example 3] A worker processes a type of machine part.
Reviewing his work for the past 30 daiiss production quantities
were: 2 days with 51 pieces, 3 days with 52 pieGaays with 53
pieces, 8 days with 54 pieces, 7 days with 55 gie@elays with 56
pieces, 1 day with 57 pieces. Calculate the avedagdyg production
guantity of the 30 days (round to the nearest greg
Solution From the 30 data above, 51 appears twice, 52 ap@ear

times, 53 appears 6 times, 54 appears 8 timegp&ass 7
times, 56 appears 3 times, 57 appear once. Assétisf
data is slightly larger than 50, we can make udeoomula
(2) by substituting as 50 to calculate their average.
By subtracting 50 from each of the data 51, 52,583,55,
56, 57, we have

1 2 3 4 5 6 7
Their corresponding frequencies of appearanee ar

2 3 6 8 7 3 1
Then, the average of the new set of data is:
L o1X2+2x3+ X 6r &4 8 &% * 8 3 ¥ 1 118

30 30
According to Formula (2),
X=X +a=4+50= 54pieces,
that is to say the average daily production quartithis
work in the 30 days is 54 pieces.
Therefore, we can infer that this worker can predaa
average of 54 pieces daily beyond the 30 days wstddy.

In general, fon numbers wherex, appears f, times, X,
appears f, times, ..., x, appears f, times (so thatf + f,+---
+f,_=n). Then, according to Formula (1), the averagdesén
numbers can be expressed as
X1f1+X2f2+"'+Xk fk 3

n

X =

1)

® This average is calledeighted average, wheref,, f,, ..., f, are called
weights.
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. Extracted 10 trees to measure their heights andethdts are a

. By making use of Formula (2), calculate the averafgeach of

. Within the 40 students in a class, there are Sestisdaged 14
30 students aged 15, 4 students aged 16 and Instagled 17|

or simplified as

_ 1 S
Xx==>xf @)
ni=

As in Example 3, when certain samples appear pleltimes, it

may be easier to make use of Formulg (o calculate the sample
average.

Practice

follows (Unit:cm):
25 41 40 43 22 14 19 39 21 42
Calculate the sample average (round to the seisteger).

the following groups of data (round to the nearstgiger):
(1) 105,103,101, 100, 114, 108, 110, 106, 98; 102
(2) 4203, 4204, 4200, 4194, 4204, 4201, 419994

3. We sampled 24 male classmates from six classekeoame

grade in a high school and measured their heidtits. results
are as follows (Unit: cm):
155 157 159 162 162 163 164 164
165 165 165 166 166 167 167 167
168 169 169 170 171 171 172 174
What can be inferred about the average heighthef malg
classmates of this grade (round to the nearegiante

Calculate the average age of the students in thss ¢round tg

=

the nearest 1 decimal place).

Exercise 12

are measured as follows: (Unit: cm):
170 167 171 168 160 172 168 162 172 169
164 174 169 165 175 170 165 167 170 172
Calculate the average height (round to the is¢areeger).
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1. The height of the 20 members of a football teara mgh school



2. To examine the quality of a batch of machine pak®,pieces
were extracted and their lengths were measuredllasvé (Unit:
cm):

22.36 22.35 22.33 22.35 22.37
22.34 22.38 22.36 22.32 22.35
(1) In this question, please describe what is thygufation, the
element, the sample and the sample size.
(2) Calculate the sample average (round to thessear
decimal places). (Hint: To apply Formula (2) floe
calculation, you may use= 22.3(C).

3. In a experimental tree farm, there are many tr@@drees were
selected and their heights were measured as follow: cm):
346 294 365 315 339 313 317 305 321 325
315 329 324 329 368 336 366 308 301 362
(1) Inthis question, what is the population andatuk the

sample?
(2) Calculate the sample average (round to theesearteger).

4. An experimental farm would like to choose a betjaality of
hybrid rice. It selects 10 testing locations andords the
production quantity of species A and species Bhwisults as
follows:

Production quantity in each testing location (Ukdg)
1 2 3 4 5 6 7 8 9| 1d
A | 779|817|853|793|740| 963|794 | 777| 875| 864
B |808|771|725|750| 750|859 | 745| 740| 706 | 824

Which species has a higher average production dy@ant

Specie

5. In a language test, the students in a class acahignefollowing
result: 7 students scored 100, 14 students scdred Pstudents
scored 80, 8 students scored 70, 2 students s@&frednd 2
students scored 50. Calculate the average scahe efhole class
for this test. (round to the nearest integer)
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6. If the averages ofx, X, ..., X, and y,, Y,, ..., Y, are X

and Y respectively, then what is the average of:

Xt Y %t Yo, 0 XY,
And why?

16.3 Variance

Two production plants A and B produce the samehmacpart
with diameter specification of 40mm. We extracteahf each plant a
sample of 10 pieces and measured their diametesul® are as
follows: (Unit: mm)

Plant A | 40 |39.8/40.1/40.2/39.9| 40 |40.2/39.8/40.2/39.8
Plant B | 40 | 40 |39.9] 40 [39.9/40.2| 40 [40.1] 40 |39.9

By using Formula (2) and substituting=40, the average
diameter of each of the two production plants are:

g:40+1i0[0+ (02} -+ £ 0.2)F Al

Xg = 4o+%[o+ 0+---+ (-0.1)]= 40

That is to say, the sample average diameter isv@0for both
production plants. The question is: Based on thetfeat the average
diameter is the same for both production plants,vea conclude that
the quality of production of machine part is thanesain both
production plants?

The data from the above table are illustrated iagm 16-1.
From the figure, we can see that the diameter efntlachine part
producted by plant A has a larger variation frone tlequired
diameter, being deviated relatively more away fréémm, while
that produced by plant B has a smaller variatiamfrthe required
diameter, being relatively closer to 40mm. This lakys that in
meeting the required diameter of the machine jpdaiht B performs
better than plant A.
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Diameter Diameter

(mm) (mm)

40.2 ¢ ® *— 40.2 ®

40.1 l 40.1 l

40 —& ® 40 o ® L o
39.9 39.9

39.8 L T ? 3 ® 39.8 T T T

1234567 8910 1234567 8910
Data No. Data No.
Plant A Plant B
Diagram 16-1

The question is: Can we quantify in figure theeleaf deviation
of the sample? In this example, the deviationhefdiameters of the
10 machine part produced by plant A from the respuidiameter of
40 as produced by plant A are:

0O -02 01 02 -01 0 02 -02 02 -0.2

It may be natural to think of using the sum of #f®ve deviations as
an measurement. However, this idea does not woik.nlot difficult
to verify that the positive deviations and negatiewiations will net
off each other so that the sum of all the dataatens is zero. To
overcome this controversy, there can be a numbepassible
methods. One method is to square the above dewsatind sum up
the squares as a measure of the total deviatiamsghared numbers
cannot take negative values, the measure of tla dewiations is
always a positive number. However, this will leadcahother question.
The sum of square of deviations are related tosdmple size. The
larger the sample size, the greater is the sumhef dquare of
deviations. To eliminate the effect of the samjzte,swe shall divide
the sum of the square of deviations by the sampkens That is to
say, we will use the average of the square of devia (represented

bys®) to determine the level of deviation of the saraplEherefore,
for plant A,
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82:%)[(40—40)2+(39.8- 409+---+ (39.8 406)

=%[oz +(-0.2P+-+ 0.2 ]

:ix0.26
10
=0.026 (mni)
and for plant B,

s? =%)[(4o—40)2+ (40- 40§ +---+ (39.9 40)

:%[02+02+--~+(—0.1)2]

=i><0.08
10

=0.008 (mni)

Because 0.026 > 0.008, it explains that the dewviatom the
required diameter produced by plant A is largenttiese producted
by plant B.

This method of calculating the average of the sgu# the
deviations (difference between each data and timplsaaverage) is
calledsamplevariance, i.e.,

$ =204 =X + 06 =X+ 4 (%, =X @)

Using the Sigma notation, the formula is: convetijewritten
as:

s? :lz(xi - X)?
ni=

When the sample size is very large, the samplenegi will be very
close to the population variance. It is commonde sample variance
to infer the population variance. In this case, dpmparing the
variances of 2 samples, we are inferring a comparig the different
populations from which the samples are being etdtac
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[ Example 3] Given 2 samples:
A: 99 10.3 9.8 10.1 104 10 9.8 9.7
B: 10.2 10 9.5 10.3 105 9.6 9.8 10.1
Calculate the 2 sample variance respectively.
Solution According to Formula (2) (by substituting =10),
we have

Z:10+:_$(—o.1+ 0.3 02 0% 04 6 02 O

:10+:—L>< 0=10
8

x_B=10+:_é(o.2+(} 0.5 0.3 05 04 02 0.

:10+}>< 0=10
8

Therefore,
s =%[(9.9—10)2+ (10.3- 103+---+ (9.7 10)

:%[(4).1)% 0.3+--+ £0.3f ]
=%(0.01+ 0.09---+ 0.09)
1
=5x0:44= 0.055
% =%[(1o.2— 10 + (10- 10+ + (102 10)
=:_E:[o,22+02+---+ 0.%]
1
=5(0.04+ 0+ + 0.01)

=%XO.84= 0.105
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Since s; <7, we know that sample B fluctuates more

than sample A.
Under certain circumstances, we will take the sguaot of the
sample variance, i.e.,

5=\ [ 2 (x ~X) @

It is called thestandard deviation. It is also used to measure the
level of deviation of data in the sample. The unitsneasure used in
sampled data and sample variance are not the samexample, in
the example of the diameter of machine part, samnplata are
measured in mm while sample variance was measurechn.
However, the units of measure in sampled data antpke standard
deviation are the same.

In the example of diameter of machine parts, theakple
standard deviations respectively are:

s, =+0.026= 0.16 (mm
S, =+/0.008= 0.089 (mm)

Practice
1. Calculate the sample variance and sample standasidtebnof
the following (round to the nearest 1 decimal pJace
1) -2,2,0,-3, -2,3,0,1;
(2) 28,24, 25, 23, 27, 24, 22, 24, 25, 28.

2. Worker A and Worker B produce the same type of nmecpart.
We extracted 5 of them from each worker and medstireir
diameters (Unit: mm) as follows (the diameter reegiiby the
specification is 10mm):

Diameter of machine pal

produced by Worker A

Diameter of machine pal

produced by Worker B

Calculate the average and variance of the 2 samples

respectively. Explain which worker did a bettdr ja terms of

th.05 10.02| 9.97 | 9.96 |10.00

th.OO 10.01{10.02| 9.97 |10.00

meeting the diameter specification.
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16.4 Simplified calculation for variance

The sample variance calculation in Formula (3) nraxolve
finding the square of the deviation of each sammath with the
sample average, which is cumbersome to evaluatee hte a
simplified version for variance calculation.

To simplify the discussion, we assume there afe ®mata x,

X,, % in the sample and their average xs Then the sample
variance is:

1 - _ _
=210 07 406 =97+ (% =9 7.
By expanding the brackets, we get:
2_} 2 _ T, 52 2 _ -, 2 2_ - —2
S —3[()(l 2X, X+ X ) + (X5 = 2X,X+ X )+ (X5 = 2x X+ X )]
:?13[(><f+X§+X§)—2(x1+x2+x3)7<+3;<2]
:%[(Xf+x§+x§)—2x3x(%);(+3;(2]
=208 + 4+ ~2x3K + 3]
=%[(xf+x§+x§) —3?(2]

In general, if the sample sizensthe following formula can be
used to calculate the sample variance:

S =[06 + ¢ o xE) =] (5)

or simply

=%(Zl X2 - n?] (5)
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In Formula (5), it is a direct computation of tbguare of each
data, and not the square of the deviation of eadhpked data with
the sample average. Therefore, it involves fewepsstthan in
Formula (3) and is more convenient for use.

[ Example 1] Calculate the variance of the following sample
(round to the nearest 1 decimal place)
3, -1,2,1,-3,3
Solution By calculation, we know the sample average is auot
integer. It may be inconvenient to use Formula @3)

compute the sample variance. Therefore we will use

Formula (5) instead.

{32+( 1+ 22+ P+ 3P+ F- 6<(
{9+1+ 4+ 1+ O+ 9- &(Zﬂ
[

33— 6% —j

3-1+ 2+ 1- 3+ sﬂ
6

ol ol O3|l—‘ ol

><33——~55— 0.7= 4.8
36

Practice
Calculate the variance of the followingnggle (round to the neard
1 decimal place):

5,4,4,3,4,3,2,3,5, 3.

When the data values in the sample are relatizee, the use
of Formula (5) may be further refined to allevidtee calculation
effort. If the data are relatively close to eacheot we can achieve
some savings in calculation by subtracting a caristambera from
each of the sampled data. The choice of the constanbera may
be the sample average or an integer close to thpleaaverage. For
example, if the sample has 3 daxa, X,, X;, by substituting

!

X=X -2, % =x-a, X=X,
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Then
X EXHa, X =Xta, 5= Xta.
Following from Formula (2), we have

pa— p—

X=X +a,
wherex is the average ofx, X,, X;. Therefore,
1 — — —
s =§[(X1—X)2+(X2—X)2+(X2—X)2]
1

=-{l(%+3 ~(X +3]24( % +3 (X +3] *H( X, +2 £ X +A F

=630 + (% =X) "+ (%,=X)]

= %[( X%+ X7+ X7 —3;2] ( Following from Formula (5) )

In general, if the sample sizensthen

S =[x x4 X)X ] (6)

in which
X=X-a, %,=X-a,.. X =X —a,
wherea is the constant number which can be the sampleageeor

an integer close to the sample average.
The above formula can also be simplified as

s? =%(z X2 —ni’zj (6)
i=1

Because we can choose the constant numisich is quite
close to the sample average to transform the datag = x —a
(i=1, 2, ...,,n), each transformed datg is relatively smaller.

Therefore when the data values in the sample ege,lasing
Formula (6) to compute the sample variance wilsinepler.
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[ Example 2] In a wheat farm, there are two types of wheat, Bype
and Type B. We extract 10 pieces from eack gqud
measure the height as follows (Unit: cm):

TypeA: 76 90 84 86 81 87 86 82 85 83

TypeB: 82 84 8 89 79 80 91 89 79 74
Which type of wheat has a relatively more o
height?

Solution The aim of the question is asking for the comparisithe
two sample variances. Because the data valuég in
sample are relatively large, we use Formuldd@opmpute
the two sample variances. Steps are as follows:

(1) Find the constaratfor the substutitionx =x —a.

Because the data in the sample fall around 80y se
a=80.

(2) As illustrated in Table 1 and Table 2, we oldte
each of thex and x* (i=1, 2, ..., 10) for each
type and then fill in the table with the sum &f and

the sum of x”.

Table 1 (Type Awheat) Table 2 (Type B wheat)

X 2 X 2

lx-80)| lx-80)|

76 -4 16 82 2 4

90 10 100 84 4 16

84 4 16 85 5 25

86 6 36 89 9 81

81 1 1 79 -1 1

87 7 49 80 0 0

86 6 36 91 11 121

82 2 4 89 9 81

85 5 25 79 -1 1

83 3 9 74 —6 36
Total 40 292 Total 32 366
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(3) Substitute the relevant data into Formula {60
calculation:

@=1 i 2 _10x °
~ =10 i:l)ﬁ

_1 40\’
10[292 10{5”

-1 (292 160)
10

Solution The aim of the question is asking for the comparisbthe

two sample variances. Because the data valuég in
sample are relatively large, we follow the stepExample
2 to make use of Formula (6) to compute thesample
variances.

(1) Because the data in the samples fall arourtj @@

use a=900 for the data transformatiorx = x —a.
(2) As illustrated in Table 3 and Table 4, we oldte
each of thex and x? and then fill in the table with

the sum of X and the sum ofx?.

1
=—x132
10 Table 3 (Type Arice) Table 4 (Type B rice)
=13.2 X X
, 1(& 5 X : x? X : x?
2 :—(Z X% ~10x J (% —900) (% —900)
10\i= 804 -96 | 9216 856 | -44 | 1936
1 302 984 84 | 7056 921 32| 1024
= 5{366‘ 1“(@) } 989 89 | 7921 930 30 900
. 817 -83 | 6889 855 | -45 | 2025
== (366-102.4) 919 19 361 872| -28 784
10 840 -60 | 3600 910 10 100
=1 .0636 912 12 144 897 -3 9
10 1001 101 | 10201 918 18 324
=26.36 Total 66 | 45388 Total| -30 | 7102
Because; <<, it can be predicted that Type A wheat (3) Substitute the relevant data into Formula {6)

has a relatively more uniform length than Type B calculation:

wheat.
[ Example 3] Afarm is trying to test 2 species of rice in 8titeg

locations for a comparative testing on tipéantation.

The production quantities of the 2 speciesaoh of
the 8 testing locations are as follows (Ukd):
Type A: 804 984 989 817 919 840 912 1001
Type B: 856 932 930 855 872 910 897 0918
Which type of rice has a relatively more cetest
production quantity?
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Because; <., it can be inferred that Type B rice

has a relatively more consistent production gugntit
than Type B rice.
We can see that the computation of sample averagevariance
involve quite a number of steps. For the convereasfccomputation,
it may help to choose an “easier to calculate” damjze, such as 10,
20, 30, etc.

— Practice

Calculate the sample variance of the following (o the neare
1 decimal place):

(1) 105, 103, 101, 100, 114, 108, 110, 106,192,

(2) 423,421, 419, 420, 421, 417, 422, 419, 428.

Exercise 13

1. A and B each fires 10 shots under the same condifideir
scores are recorded as follows:
AA 7 8 6 8 6 5 9 107 4
BB 9 5 7 8 7 6 8 6 7 7
Compute the 2 sample variances. According to thepctation
result, does A or B have a more consistent perfoo@a
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2. Machine A and Machine B are used to produce theesaachine
part. In 10 days, the number of defected items yzed by the
machines are recorded as follows:

MachineA: 0 1 0 2 2 0 3 1 2 4
MachineB: 2 3 1 1 0 2 1 1 0 1
Compute the sample averages and sample variancesrding
to the computation result, which machine has a ebett
performance?

3. Afarm grows two types of rice, namely Type A angh& B. The
average production quantity in the past consecuiwears are
recorded as follows (Unit: kg):

Type | Year 1| Year 2| Year 3| Year 4| Year 5| Year 6
A: 900 920 900 850 910 92(
B: 890 960 950 850 860 89(

Which type of rice has a more consistent produatjieantity?

4. The followings are the body lengths of 10 pigs beied under
similar conditions this year and last year (Unitr)c
Last year: 112 110 110 117 113 122 125 124 119 127
This year: 111 122 115 123 114 115 118 114 116 115
Does the growth of pigs this year or last year poeda relatively
more consistent body length?

16.5 Frequency distribution

To understand the body growth situation of highost female
students, a measurement of body height was cordloct&0 female
students of the same age in a high school. Reardtsecorded as
follows (Unit: cm):

167 154 159 166 169 159 156 166 162 158
159 156 166 160 164 160 157 156 157 161
158 158 153 158 164 158 163 158 153 157
162 162 159 154 165 166 157 151 146 151
158 160 165 158 163 163 162 161 154 165
162 162 159 157 159 149 164 168 159 153
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As we understand, the average of this set of deftacts the
average height of these students. However, somgtinmay not be
sufficient to know only this piece of informatiolVe may like to
classify the data into several height-ranges @ss#s), and count the
number of students in each height-range (or classhwing the
number of students in each height-range, we canuleaé the
proportion of students in each height-range. Taeaehthis, we shall
need a procedure to classify the data into heghgies. The
procedure is as follows:

(1) Calculate the range of variation between tugdst and
smallest data value.

From the above data, the largest data value is a9 the
smallest data value is 146. Their difference is:

169- 146= 2{(cm).
Then, we know the range of variation of this setlaffa is at most 23
(cm).

(2) Determine the number of classes and the olésval.

To divide a set of data into classes, if the datame is large,
we shall consider dividing it into a greater numbéclasses. When
the number of data is within 100, the division iBtdo 12 is usually
appropriate.

The class interval means the distance betweerehaepoints of
a class. The choice of class interval is interteglao the the total
number of classes.

In this example, if we choose the class intergaBam, we can
calculate the number of classes for the batch t@f, da

Maximum value- Minimum value 23 7
Class interval 3 .
This would mean dividing the data into 8 classes.

If the class interval is chosen as 2 cm, th%é%:ﬂ—;. This

would mean dividing the data into 12 classes, wtagipears too
many.

So we decide to divide the data into 8 classe$ witcalss
interval of 3 cm.
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(3) Determine the class interval end-points

Using a class interval of 3 cm, we can pick thedst data value
of 146 cm as the starting point of the first clagerval. Accordingly,
the 8 class intervals are as follows:

146~149, 149~152, 152~ 155, 155~158,
158~161, 161164, 164~167, 16/~ 170.

Now, we are faced with a problem. Some of the dabaes (e.g.
149, 158, 167) fall at the end points. It is difficto decide whether
to place the data in the lower class or in the digilass. To avoid
this situation, we can add 1 decimal point into dhasion point and
to reduce the starting point of the first groujitiéel bit. For example,
we can set the starting point of the first groud4s.5 instead of 146.
Then the 8 classes will be:

145.5~148.5, 148.5-151.5, 151.5-154.5, 154.5-157.5,
157.5~160.5, 160.5-163.5, 163.5-166.5, 166.5-169.5.

(4) Set up the table of frequency distribution

As set out in column 1 and column 2 of Table 5,c@a use a
method similar to the counting the votes in pollik@r every data
item (vote), we put a count in the appropriate <idise total count in
each class is called the class frequency). Aftaryedata item is
counted, we sum up the values to column 3 in Table

Table 5 Frequency distribution table

Group leumulative Frequency Relative
requency frequency

145.5~1485 |/ 1 0.017
148.5~151.5 | /Il 3 0.050
151.5~154.5 | ] 6 0.100
154.5~157.5 | it 111 8 0.133
157.5~160.5 | HH HEH HIH 1T 18 0.300
160.5~163.5 | M HiH ] 11 0.183
163.5~166.5 | M HiH 10 0.167
166.5~169.5 | /// 3 0.050

Total 60 1.000
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For each class, the ratio of frequency dividedhgysample size
is called therelative frequency of this class. For example, the
relative frequency of the first class is:

1. 0.017.
60

Calculate the relative frequency of each classfdnidh column
4 in Table 5. Table 5 is called theequency distribution table. With
the frequency distribution table, we will know theportion of data
in each class.

(5) Draw the frequency distribution histogram.

To illustrate the frequency distribution in a weat graphical
way, we usually draw théequency distribution histogram. The
frequency distribution histogram for this exampgeillustrated in
diagram 16-2, in which the horizontal axis représetme height
while the vertical axis represents the ratio betwesative frequency
and class interval. It can be easily observed that:

. Relative frequenc
Area of small rectangle Class interval , 9 )
Class interval

= Relative frequency

That is to say, area of each small rectangleusleig the relative
frequency of the corresponding class. Consequeritgquency
distribution histogram makes use of the area afaplgto reflect the
magnitude of the relative frequency in each cléssliagram 16-2,
we can also see that,

Relative frequency

Class interval

= , 1 -X Frequency
Class intervak Sample size

Height of small rectangle

Because the product of the class interval and Easipe is a

1 )
constant, - - is also a constant. Therefore,
Class intervak  Sample si:

the height of small rectangle and frequency ar@rivportion. By
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making use of this relationship, we can determingerelative heights

of each small rectangle. While the frequenck isthe height of the

corresponding small rectangle will k. For example, for the group

148.5~151.5, its frequency is 3, the height ofdbeesponding small

rectangle is B.

, Relative frequenc
Class interval

4

Height
] ]
145.5 148.5 151.5 154.5 157.5 160.5 163.5 166.55169
Diagram 16-2
In the frequency distribution histogram, considgrihat the area
of each small rectangle is the relative frequencl the
corresponding class and that the sum of relatigguiency is 1, we
can infer that the sum of the area of all the smeadtangles will also
be 1.
After understanding about the relative frequenisyridbution of
a sample, we can predict the distribution of theresponding
population. In the above example, the relative deegy of the
sample data falling in the group 157.5~160.5cm.3s This explains
that for every 100 female students of that agegethell be about 30
students with height between 157.5~160.5cm.

[Example] A farm testing laboratory would like to understahd
distribution of the length of wheat. 100 wheatyev
picked from the test farm and their lengths were
recorded as follows (Unit: cm):

65 64 6.7 58 59 59 52 40 54 46
58 55 60 65 51 65 53 59 55 538
6.2 54 50 50 68 6.0 50 57 6.0 55
68 6.0 63 55 50 6.3 52 6.0 70 6.4
64 58 59 57 68 6.6 60 6.4 57 7.4
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6.0 54 65 60 68 58 6.3 6.0 6.3 5.6 Table 6 Relative frequency distribution table
53 64 57 6.7 6.2 56 6.0 6.7 6.7 6.0

55 62 61 53 62 68 66 47 57 57 Cumulative
' ' ' ' ' ' ' ' . . i ive | relative frequenc
58 53 7.0 6.0 60 59 54 60 52 6.0 Groupo | Cumulative | o ooy Relative o eduency
P frequenc q Ytrequenc (this will be
6.3 57 6.8 61435 56 63 60 58 6.3 quency AUENCY introduced in the next
Set out the relative frequency distribution ¢éaldraw section)
the relative frequency histogram. 3.95~4.25 1 0.01 0.01
Solution (1) Calculate the range of variation between thgest 4.25~4.55 1 0.01 0.02
value and the smallest value. 4.55~4.85 1" 2 0.02 0.04
In the sample data, the largest value is 7.4. The 4.85~5.15 +H 5 0.05 0.09
smallest value is 4.0. The difference is 5.15~5.45 HHHH | 11 0.11 0.20
7.4- 4.0= 3.4cm). 5.45~5.75 | HHIHH 15 0.15 0.35
(2) Determine the class interval and number ofselas 5.75~6.05 ####Z’L/'L/'L/ 28 0.28 0.63
In this example, the range of variation betweea th
largest value and the smallest value is 3.4 crthdf 6.05~6.35 | HHHII 13 0.13 0.76
lass int lis set at 0.3 then b 3.4_111 6.35~6.65 HHH | 11 0.11 0.87
class interval is set at 0.3 cm, then eca%s'ge— 3 6.65—6.95 g7, 10 010 097
there will be 12 groups. 6.95~7.25 1 2 0.02 0.99
(3) Determine the class interval end- points. 7.25~7.55 / 1 0.01 1.00
The division point will be one decimal place more Total 100 1.000
than the data and the starting point of the firsiug ) o )
will be adjusted slightly downward from the smalles (5) Draw the relative frequency distribution histag
data value. Then the 12 classes are: (The histogram is shown on the diagram 16-3 (a).
3.95~4.25 4.25~4.55 4.55~4.85. 4.85~5.15 StepS will be similar to those used for drawingh'e
5.15~5.45, 5.45-5.75, 5.75-6.05, 6.05~6.35, _previous example)
6.35~6.65, 6.65~6.95, 6.95~7.25, 7.25~7.55. 4 Relative frequenc

. . Class interval
(4) Relative frequency distribution table

Chalk up each data value according to the class it

belongs. then count the frequency in each class,
calculate the relative frequency and set out thaive Length
frequency distribution table as in Table 6. | - (cm)

»

395 455 515 575 6.35 6.95__ 7.55
425 485 545 6.05 6.65 7.25

Diagram 16-3 (a)
-333- -334 -



4
1.00
0.90
0.80
0.70
0.60 —
0.50
0.40
0.30
0.20 —

o104 (cm)

} Relative frequenc
Class interval

395 455 515 575 6.3
425 485 545 6.05

Diagram 16-3 (b)

T 1 ) g

5 695 _ 7.
6.65 7.25

Now we can base on the frequency distributiorhefdample to
predict the distribution of the population. For exade, it can be
observed from Table 6 that the relative frequentysample data
falling in the range of 5.75~6.05 is 0.28. Therefawe can predict
that, 28% of the wheat in this farm will be havithg length within
the range of 5.75~6.05cm. In using the relativguency distribution
to predict the distribution of the population, waok that the
prediction will be more accurate if the sample s&zlarger.

— Practice

1. Here is the data set of a sample. The samplesi&e.iThe clas
endpoints and the relevant frequency of each class a&

follows:
53.5~55.5 4 61.5~63.5 10
55.5~57.5 7 63.5~65.5 6
57.5~59.5 9 65.5~67.5 3

59.5~61.5 11

Set out the relative frequency distribution éalind draw th
relative frequency distribution histogram for ttzemgple.
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Practice
2. Given the following data set of a sample:

25 21 23 25 27 29 25 28 30 29

26 24 25 27 26 22 24 25 26 28

Fill in the following relative frequency distukion table:

Cumulative Relative
Frequency

frequency frequency

Group

20.5~22.5

22.5~24.5

24.5~26.5

26.5~28.5

28.5~30.5
Total

3. To understand the body growth situation of highostistudentg

the heights of 50 male students from a high scheete
measured and recorded as follows (Unit: cm)

175 168 170 176 167 181 162 173 171 177
179 172 165 157 172 173 166 177 169 181
160 163 166 177 175 174 173 174 171 171
158 170 165 175 165 174 169 163 166 166

174 172 166 172 167 172 175 161 173 167

Set out the relative frequency distribution ¢éabind drawthe
relative frequency distribution histogram for ttzergple.

*16.6 Cumulativereative frequency distribution’

In the example of wheat length in the previoustiea, the
relative frequency for wheat length being less thd&b cm is equal
to the sum of the relative frequency of the firgi&sses. i.e.,

0.01+0.01=0.02

* This section is optional.
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The relative frequency for wheat length being ldmss 4.85 cm
is the sum of the relative frequency of the firgi&sses, i.e.,

0.01+ 0.0% 0.0Z O0.C.

This can be applied similarly to different classéBis concept with
the relative frequency being less than a valualied thecumulative
relative frequency of the value. The cumulative relative frequency of
each division point in this example is illustratadhe last column of
Table 6. This can be used as supplementary infeoomaif the
relative frequency distribution table.

According to the cumulative relative frequency, ee@ draw the
cumulative frequency distribution graph, as shownthe bottom
graph in Figure 16-3. In the graph, the horizoatak represents the
wheat length. The vertical axis represents the d¢atine relative
frequency. According to each cumulative relativegtrency in the
table, the graph describes the relevant points. é&@mple, the
cumulative relative frequency of point 4.25 is 0.0ilthe graph, it is
represented by a point with 4.25 on x-axis and @®3-axis. Then,
using line segments to connect each point in sespianwill form
the cumulative relative frequency distribution drap

With the use of cumulative relative frequency mlisttion graph
for the sample, we can predict the corresponditgason for the
population. For example, to predict the propotidnwieats with
length less than 5 cm in the piece of farm land,cae locate the
point with 5 (cm) on the x-axis and 0.07 on thexisafrom the
cumulative relative distribution graph. This talls that, about 7% of
wheat in the farm land have length less than 5 cm.

Practice

According to Table 5, calculate the cumulative frexacy of each
split point, and draw the cumulative relative fregay distribution
graph.
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1.

82
323
115

58

59
175

202
355
236
255
146
348

352
357
357
143

60
264

Exercise 14

In a batch of wood sticks, the length of 60 pieskwood sticks
were measured and recorded as follows (Unit: mm):

321

33
326
360
263
383

25
325
52
340
170
62

293
113
301
302
305
306

293
233
140
370
380
195

86
294
328
343
346
350

28 206
50 296
238 358
260 303
61 305
265 385

Set out the relative frequency distribution tabled adraw the

relative frequency histogram for the sample.

In a batch of machine parts, the deviation betweeir size and
the specified size of 100 pieces were measuredregatded as
follows (Unit: 0.1mm):

2
3

-2

1
-2

PFRPOORN

2

0
-1

1

N b ogwhrRON

-3
-2

1
0
0
1
-2
1
0
2
1

3

4

-1
-2
2
4
2
1
0
1

-1

=
OH|LI—\HN|LoooO

(1) Set out the relative frequency distribution talhel @raw the
relative frequency distribution histogram for thanmgples.
(Hint: because there are only 9 diffferent values the
samples, and they are consecutive integers, atnmuaxithe

data can only be divided into 9 groups.)

(2) Set out the relative frequency distribution talhel @raw the
relative frequency distribution histogram for ttargple. (Hint:
because there are only 9 diffferent values in drapes, and
they are consecutive integers, at maximum the citaonly
be divided into 9 groups.)
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3. A farm is trying to estimate the production quantdf corns
before harvest in the autumn. The weight of 10@g8eof corns
were extracted and recorded as follows (Unit: g):

50 29 31 32 29 30 38 41 26 20
33 27 34 20 2 17 17 28 35 39
38 35 26 50 38 36 38 25 28 22
32 30 29 48 30 3 18 20 25 24
29 50 23 44 39 27 33 39 24 26
34 23 32 18 39 25 50 33 40 21
35 31 33 30 28 25 27 30 39 24
35 30 38 46 40 18 35 43 24 23
33 34 36 34 40 23 34 37 40 19
39 34 33 37 3B 25 34 30 27 15
(1) Set out the relative frequency distribution talhel @raw the
relative frequency distribution histogram for ttzergples.
*(2)Add in the cumulative relative frequency foaah division
point to the relative frequency distribution tatkded draw the
cumulative relative frequency distribution graph.

Chapter Summary

I.  This chapter introduces some elementary kndggeand
concept of statistics. The essencial idea of sizismethod is to
extract and analyse a sample selected from thelggopuand use the
result of the selected sample to predict the behaviof the
population. The larger the sample size, the moreurate the
prediction will be.

II. The population average is an attribute of @pydation
measured by the average value (or average leval) thfe data in the
population. It is usually estimated by the sampierage which is the
sum of the attribute of all data in the sample did by the number
of elements in the sample. When the data valuedeofients in the
sample are large, it may be easier to use the firanation

X=X +a to simplify the calculation.
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lll. The population variance is another attributé the
population measured by the magnitude of variatiothe population.
It is usually estimated by the sample varianceh)yocomparing the
sample variance of 2 samples. For a sample withrsend average

X, the formula for the sample variance is:
2 19 V)2
$==>1(% —x)?%.
ni=

The calculation of sample variance is relativelyrencomplicated
than the sample average. Without electronic calotda it is

recommended to design a table with columns foingliin the data
value, the data deviation from the sample averagesguare of the
data deviation while carrying out the computation.

IV. Population distribution reflects the signditce of each
element in the population. Sample relative freqyedistribution is
usually used to predict the population distributioRelative
frequency distribution reflects the significancetioé sample data in
each of the relevant classes. The following stepsuaed to obtain
the relative frequency distribution of a sample:

(i) compute the range of variation between thedstrgnd
smallest value,

(i) determine the number of classes and classvale

(i) determine the division end-points of the dasterval,

(iv) set out the relative frequency distributioble

(v) draw the relative frequency distribution higtag.

Revision Exercise 16

1. In statistics, what is a population? What is a damy the
population? Why do we usually need to use certtibates of
sample to predict the corresponding attributesefopulation?
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2. Cannons A and B each fires 50 shells at the sargettander the
same condition. The distances by which the targes missed
were measured and recorded as follows:

Distance missed 40m30m |[20m |10 m| Om
No. of shells fired by 0 1 3 - 39
Cannon A
No. of shells fired by 1 3 5 3 41

Cannon B

Calculate the sample average of the two cannonsecasely.

According to the result, which cannon achieved dtebe

accuracy?

3. Afish pond has 100,000 fish of a specific specsof the fish
were weighed and recorded as follows (Unit: kg)
23 21 22 21 22 26 25 24 23 24
24 23 22 25 24 26 23 25 22 23
Calculate the sample average and according to ahmilation
result, predict the weight (in kg) of all the fishthe pond.

4. To examine the growth of wheat A and wheat B, 1€ces of
wheat from each type were extracted and their keigiere
measured and recorded as follows (Unit: cm):

Wheat A 12 13 14 15 10 16 13 11 15 11

Wheat B 11 16 17 14 13 19 6 8 10 16
(1) Calculate the average height of each typehwdat

respectively.
(2)  Which type of wheat has a relatively more ami height?

5. The results of 10 games participated by two longguathletes
were recorded as follows (Unit: m):
A: 5.85 5.93 6.07 5.91 5.99 6.13 5.98 6.05 6.00 6.19
B: 6.11 6.08 5.83 5.92 5.84 5.81 6.18 6.17 5.85 6.21
Calculate the sample variance respectively andrdoapthe the
calculation result, predict which athlete has a enoonsistent
result.

6. The size (Unit: m) of 80 of a kind of machine padre measured
and recorded as follows:
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7.

362.5<1 362.6x 2 362.7x Z 362.8x Z
362.9x = 363.0x & 363.1xE 363.2¢x 6
363.% & 363.4x ¢ 363.5x ¢ 363.6x 7
363.7x € 363.8x 4 363.9%x & 364.0x ¢

364.1x 2 364.2x 2 364.3x1 364.4x!

(1) Set out the relative frequency distribution talhel @raw the
relative frequency distribution histogram for ttzergple.

*(2) Add in the cumulative relative frequency faaahd split point
to the relative frequency distribution table, andhvd the
cumulative relative frequency distribution graph.

(1) Set x as the average ok, X,, .., X, and y as the
average of 3x+5, 3x,+5, .., 3x,+5. Prove that
?/:3;<+ 5.

(2) Let s, be the standard deviation of , X,, ..., X, and s,

be the standard deviation &x +5, 3x,+5, ..., 3X, +5.
Prove thats, =3s,.
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Annex Revision questions for

Junior-high school algebra’

List the table for classifying real numbers.
Calculate:

(1) 4x0.2-10x 1.1+ 3. 5.14% 5.2 (round to 3
significant digits);

(2) 3a’-[-5a’+a(-4a’+ 25— 1)+ 4} 7 (round to the nearest
0.01), whera=2.35.

(1) If (a-1)7%+(b+2)*=0,a, bare real numbers, fira b;

(2) If x*+2x+y’—6y+10= C, wherex andy are real
numbers, find andy.

Calculate each of the following:

1) (a°-a’h+ab*-b3(a+h):

(2) (a+h)’(a-b)*-(a*+b?*)(a*~b?);

) (p+g-m-n)(p-g-m+n);

(4) (x+2y-2)(x—-2y+2z)- (X+ 2y+2zY;

(5) (XC+X'+xX+x*+x+1)+ (x+1);

(6) (X'+x*+1)+(x*-x+1).

(1) Given x*+x-1=0, solve x*+2x*+3;

(2) If bc=ad, prove thatab(c®—d?) = (a*-b?)cd;

(3) If a+b+c=0, prove thata®+a’c+b*c—-abc+b*=0;

(4) Prove that:

a’(b-c)+b*(c-a)+c’(a-b)=—(a-b)(b-c)(c-a).

Factorise:

(1) X -x"+x*-x*+x-1;

(2) 3x*-2x-8;

® For use as reference exercise for the revisignriér-high school algebra.
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10.

11.

(3) 4x2+2x+:11—y2; (4) 1"-31%7+1;

(5) a’-2ab+b?’-6a+@®+5 (6) (1-a°)(1-b*)-4ab.

Factorise within the set of real numbers:

(1) x*+x-1; (2) x*+x*-6;

(3) 6x'-7x*-3; (4) x"+3x3+x°%.

Find value(s) ofx so that the algebraic equati ~(x=95)
(B—x)(x+1)

satisfies the following condition:
(1) Equalsto 0O; (2) Undefined;
Calculate each of the following:
X*+2x+1_ X 1
1) 3 x -
X* =X Xx+1 x+1
1 1 2 4
+ + + :
1-x 1+x 1+x* 1+x*
X+2 x+3+ X+4 X+95
Xx+1 x+2 x+3 x+4
a’ b? c?
+ +

(3) Equalsto 1

(2)

3)

4

“ (a-b)(a-c) (b-a)(b-c) (c-a)(c—b)

Prove the following:

(1) If E+E:X, E—E:y,provethatxz—y2:4;
b a b a

(2) Ifa, b, care real numbers and
a’+b’+c’-ab-bc-ca=0, prove thata=b=c.
Calculate:

(1) 5/28+3/63 18/ 7 ag;

(@) 4415 3@\/%;
() (2/3+/6)¢/3- 2/6);
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4 2-+/3Y +{ W3-+ 2Y;
@ 23+ (32 2x+3y=4z=4 x+y-z=3
y X 1 : -
(5) @(@-ﬂgﬂ\gﬂ\gl (x>0, y>0); (5) 2y+3z:i—;; 6) {z+x-y=1
1 1 2 4 10 y+z-x=7
6 + + + ) +4y=—"
©) 1-4x  1+4x 1+Jx 1+x XT3
- 2 —6X+9 15. Solve the following equation:
12. Simplify e ex+ 9 (1) 4(x+3P-9x-2f=(;
13. Solve the following equations: 2 3y’ -y)=v2(y’-y);
(1) 2_X_2X_3:1; (2) 3X+6_(§_1j:_5; (3) XZ—(Z—Z\/_Z)X+ 3- 2/_2= (;
6 4 8 6 6 (4) (t+6)t-6)=2¢-3)
(3) E(3X—10_ 7Xj_}(2x_2x+2j:§_l; (5) (X+2)2+(X_1)2:X2+6;
3 6 3 2 (6) 2(x+5)(x-5)= (x— 6f.
1 1 _2X-63 1 . _ ,
S X=2)=Z5 (95X~ 0)= (X~ 4 . Given one of the roots of the quadratic equ mx +2m=
4) 3(X 2) 7(5>< 6) 105 5(3< 4 16. G f the roots of th drat atfoRmx +2m= 0
is 1.
(5) §+%—1: 0 (a bare known) ; (1) Find the value of m;
b a (2) Find the other root.
mMx+1 nx+1_ _ _ _ 5 ,
(6) + =1 (m, nare known). 17. Without solving the equatior2x” —7x+ 2= 0, find the sum of
n m _ _ the reciprocol of the two roots.
14. Solve the following simultaneous equations: 18. (1) When solving fractional equation and radicpi&tion,
1 1 why is it necessary to verify the root?
1) E(X+11)_§(y+13)+ 2; (2) Solve the following equations:
5x=3y+8 () S
2x 3y H-2y 3 4 X =2X X=X X"=3x+2
2, % +1 = +—=_=3 2 1F 7(x-1
3 _dy_3crdy 9 2 x o
2 3 6 x—4 y-1 (i) % +3x— 22+03 _g:
X“ +3X
2X+y+6 _4dXx-3J-7_-&- F+ 1(
4) 4y = gy = 83/ ; (iv) Bx+4-+2x-1-/ %+ 1= (

(V) XP+3x—-2/x°+X-1- 4= (
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19.

20.

21.

22.

(vi) Xx*-25x"+144=
(vii) (X*+5x)*-2x*—1x— 24=
(viii) (X* +5x—12)(x* + 5+ 2)= 3.

Solve the following simultaneous equations:

1) (X+Yy)>-3(x+y)=54 5 a+aq® =15
(x-y)?-5(x-y)=14" aq+aq® =30
3x-5y 4

2xy _5 \/24-\/2 :§
(3) : 4) y y 2;
§+E:4 —
Xy X+y=5
X+xy+y=11

®) 1 oz

Xy+xy =30

mu =s(m-1
Q) From{ ¢ —s(—u ) (wherem# 0), express the

relationship of, s, min a formula.

[ =1_+I
(2) From {Ik _ r:ﬂ ¢ (wherem#1), express the relationship
- k

c

of I.,m, I, inaformula.

a

Pond A contains 380 frof water. Pond B contains 1500 wf
water. Water is pumped into Pond A at the speed®g@nhour
while water is pumped into Pond B at the speed &en hour.
At what time will both ponds contain the same antairwater?

A and B are riding bicycles on a circular runway6b m long.

The speed of A is faster than B. They started esime time at
the same point. If they ride in opposite directitrey will meet

each other every 40 seconds. If they ride in timeesdirection,

they will meet each other every 6 minutes 40 sesoRkthd the

speeds of A and B.
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23.

24,

25.

26.

27.

It takes 16 days for A and B to work together toptete a task.
If they work together for 4 days and the remainiagk to be
completed by B alone, it takes 12 days more thdaa éomplete
the task alone. Find the time for A and B to corteplbe whole
task working alone individually.

In the diagram, there is a metal plate
which is 25 cm long and 18 cm wid
A circle touching the 3 sides of th
metal plate is now cut from th
metal plate. What is the diameter @f

the largest possible circle which ¢

be cut from the remaining metal /
plate? (No. 24)

A factory can manufacture 500 pieces of Type A mexlpart,
600 pieces of Type B machine part, or 750 piece3ype C
machine part in a day. A certain product requires dype A
part, one Type B part and one Type C part for abgervhat is
the maximum possible number of products the factoan
produce in 30 days? For how many days should thtoria
manufacture each of the Type A, Type B and Type &hime
parts?

A pesticide of 40 kg with 15% ingredient is mixed@wanother
pesticide of 50 kg with higher concentration of thgredient so
that the mixture contains 25%~30% (excluding théo2&nd
30% marks) ingredient. Find the percentage of itigre in the
pesticide with the higher concentration.

Solve the following inequality and to indicate taeswer on a
numerical axis.
X=2 _7TX
1) 2(x+D)+——>—-1;
(1) 2(x+1) 3
x-1 2x-1 x+1
- < +

2) 2Xx ;
@ 2 3 6
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28.

29.

30.

31.

3) %{1—2[x—4(x—1)]}s4x; @) _1S3;2><S2;
3x—52 2+ 3
3x-5
5) -4<>"°< 5. 6) | x_
(5) 5 6) < x 5 3i1

Indicate on a numerical axis the solution sets Wwisiatisfy the
following conditions:
(1) x<5 or x>-2;
(3) x>5 or x>-2;
(5) x>5 or x<-2;

(2) x<5 and x>-2;
(4) x>5 and x>-2;
(6) x>5 and x<-2.

Calculate:
1 1 2 1 2 1

(1) (-3x3y*)(2x *y 2)(x *y*);

0 (m”j—(m”]
mn mn

1 1 1 1

(3) (3x2-2y 2)(X2+2y 2);
(4) Y3xYaxge;

G Iy
6) (V2x-3y)W2x+3y).

(1) Explain why logarithm can be applied to comer
multiplication operation into a summation opantiand
why logarithm can be applied to convert a divisio
operation into a subtraction operation.

(2) Write the following numbers using scientifictatbon, and
explain the relationship with the characteristtshe
common logarithm value.

54890, 0.08351, 4.903, 213.7

Given log2=0.301(, how many digits does2’ x8"'x5"
have?
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32.

33.

34.

35.

36.

37.

38.

39.

Calculate using logarithm:
W i/0.3586<<‘/§7; (o) 3285-1262 [328
0.00501 32.85x 12.64 12.6
Find the domain of the following independent valeasb
Q) yE> (2) y=vB-2x-¥
X" =3x+2
Giveny, =2x-3, Yy, =-3x+7, find value(s) ofx to fulfill the
following requirement:
1) %>V, (2) Y=V,
Use graph to explain the answer.

(3) N<y,.

Solve k when the graph of the functiory=-x>+2x+k

intersects the&-axis:

(1) atone point; (2) attwo points; (3) never.

Use graph to explain the answer.

Given that the minimum value of the function= x* + px+q

is 4.and that whenx=2 and y =5, find the values op andg.
Assume ¢ is an angle of0° ~18(°. Solve all possible values
(if any) of a according to the following condition.

(1) tana=-1

(2) cosa = C 3) sina:%

(4) cota=+/3 (5) sina = —% (6) cosa =+/2
In a right-angled triangl&BC , AB is the hypotenuse and CD is
the altitude of the triangleCD = 21 cm,AD = 18cm. Solve the
triangle. (lengths to be rounded to 2 significaigfitd, angles to

be rounded to the nearest)

In a circle with radius 10.0 cm, a regular pentag®@CDE is
constructed with all vertices touching the circfeolve the
distance between the A (highest point of the pemtagndB,
and the distance between A and C (round to theesge@rl cm).
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40.

41.

42.

43.

44,

45,

46.

In triangleABC, B=30°, ¢=150, b=50J3. Find all the
sides and angles of the triangle., and commenten t
characteristics of the triangh8C?

Prove that in/AABC, if sin® A+ sirf B = sirf C, then this
triangle is a right-angled triangle.

In a paraaellegranABCD, AB = 8, AD = 5, JA=60°_ The
vertex A is located at the origirAB is thex-axis, C lies in the

first quadrant, Solve the coordinates of the vesi, B, C and
D.

As shown in the diagram, there is a
television boardcasting tower on a small
mountain. The height of the towaB is

50 m. On the ground at poi@} the angle
of elevation measured for B i40° and
forAis 70°. Solve the height of the
mountainBD (round to the nearest 1 m).

Assumd is the line in the first and the
third quadrnats bisecting the angle
between the-axis and thg-axis. Find a 2
point onl so that it has the same distance C D
from this point toA(8, 0) and tdB(1,-3). (No. 43)

Prove that 4, 3), (8, 8), (13+4), (1,-9) are the 4 vertices of a
square.

Given a set ofn data, x, appears f, times; x, appearsf,
times; ...; x, appears f,_ times (f .+ f,+---+f =n); x is
the average of thedata. Prove that:

fL(x, = X)+ f,(X,=X) +---+ f (X —X) =0.
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47.

48.

The heights of rice stalk of two types of rice wareasured and
recorded as follows (Unit: cm):
A 12 9 16 18 14 8 12 10 17 11
B. 12 15 14 16 15 13 12 10 12 10
Which type of rice has a relatively more uniformge of rice
stalk?

In a production process, the thickness of a samptE0 units
was measured and recorded. Set out the relativudrey
distribution table and draw the relative frequerntsgtribution
histogram of the sample.

1.36 149 143 141 1.37 140 1.32 142 1.47 1.39
141 1.36 140 1.34 142 142 1.45 135 1.42 1.39
144 142 1.39 142 142 130 1.34 142 1.37 1.36
1.37 1.34 137 1.37 144 145 132 1.48 140 1.45
139 146 1.39 153 1.36 1.48 1.40 1.39 1.38 1.40
1.36 145 150 143 1.38 143 1.41 148 1.39 1.45
1.37 1.37 139 145 1.31 141 1.44 144 142 1.47
1.35 1.36 1.39 1.40 1.38 1.35 1.42 1.43 1.42 1.42
142 140 141 137 146 136 1.37 1.27 1.37 1.38
142 1.34 143 142 141 141 1.44 148 155 1.37

This chapter is translated to English by courtelsiylo Pan Ng and
reviewed by courtesy of Mr SIN Wing Sang Edward.
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