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−d < 0

n
∑

d=1

h(−d) = 4π

21ζ(3)
n

3

2 − 2

π2
n+R(n) (1)

ζ(s) =
∞
∑

m=1

1

ms
s > 1

R(n) 1917

1 1963



R(n) = O(n
2

3 ( n)6)

R(n) = O(n
2

3
+ε)

1963 u2 + v2 + w2 ≤ x P (x)

P (x) =
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3
πx

3

2 +O(x
2
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P (x) =
4

3
πx

3

2 +O(x
2

3
+ε)

1958

G(k) =≤ k (3 k + 5.2)

1977

G(k) ≤ k(3 k + 4.2)

1964 g(5) = 37 1974 g(4) ≤
27 1985

g(5) = 37 g(4) ≤ 20 1986

g(4) = 19

1859 s = σ+ it

ζ

ζ(s) =
∞
∑

n=1

1
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ζ
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1

2
+ it
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= O(|t|α)
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ζ
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1

2
+ it
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= O(|t|ε)

ζ

(

1

2
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)

= O(|t|α( |t|)β)

α = 1
6

β = 1 1949 α = 15
92

+ ε 1964

74 α = 6
37

β = 1 1965

α = 6
37

β = 0

1988

α = 9
56

β = 2

1837

l k ≥ 1 kn + l

n = 1 2 · · ·
p(k, l) 1934

ε > 0 k

p(k, l) ≤ kl+ε

1944

c > 0

p(k, l) = O(kc)

1957 c ≤ 104 c ≤ 5448 1965



c ≤ 777 c ≤ 168

17 15 1989 c ≤ 13.5

1991 c ≤ 8

x > 0 (x − √x, x) 1921

ε > 0

x > 0 (x − x
1

2
+ε, x)

ε > 0 x > 0

(x−xε, x) Pm m

1920 x

P11 ∈ (x − √x, x] 1969

x P2 ∈ (x− x
6

11 , x] 1975

x P2 ∈ (x − √x, x] 1979

x P2 ∈
(x − x0.477, x]

1981 x

P2 ∈ (x− x0.45, x]
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1 p p+ 2

1920

1937

E(x) x 1937

A

E(x) = O

(

x

( x)A

)

1972

c > 0

E(x) = O(xe−c
√

x)

1975 L

δ > 0

E(x) = O(x1−δ)

1979 δ > 0.01 1990

δ > 0.04 δ > 0.05
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∣
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R(x, η) = O
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x
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)
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1962 η0 = 1
3

{1, 5}

η0 = 1
3

{1, 4}
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{1, 3} 1962

1963 η0 = 3
8

{1, 4}
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3
8

{1, 3}

η0 = 1
2

{1, 3}
1966 {1, 2}

1973 {1, 2} 1966
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Ω Ω

Ω

Ω

1972

{a · · · · · · } a

|{a · · · · · · }| a p p′

D(N) = |{a a = N − p, a = p′, p ≤ N, 2|N}|
Hk(N) = |{a a = p+ 2k, p ≤ N, a = p′}|
D(N, r) = |{a a = N − p, a = pr, p ≤ N, 2|N}|
Hk(N, r) = |{a a = p+ 2k, p ≤ N, a = pr}|

m

C(m) =
∏
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)

∏
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∏
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(
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)
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1 N

D(N, 2) > 0.81C(N)
N
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H1(N, 2) > 0.81C0
N
2N
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3 1986

3 0.81 1.42

2.03

≈ 0.00168 · · ·

D(N)

1871 1922

D(N) ∼ 2C(N)
N
2N

(4)

Hk(N) ∼ 2C(N)
N
2N

(5)

1961 4

N 5 k

1949

D(N) ≤ α0C(N)
N
2N

(6)

H1(N) ≤ β0C0
N
2N

(7)

α0 β0 ≤ 16 + ε ε 1948

1964

α0 β0 ≤ 12 + ε 1962



β0 ≤ 8+ ε

1966 1969

α0 β0 ≤ 8+ ε 1978

{1, 2} 8

2 N

α0 β0 ≤ 7.8342 + ε

1980

α0 β0 ≤ 7.932 + ε

1983 β0 ≤ 68
9

+ ε

1984 β0 ≤ 128
17

+ ε 1986

β0 ≤ 7+ ε

β0 ≤ 6.908 + ε

α0

[1] 1978
1982 1989

[2] 1984

[3] 1987

[4] 1989

[5] G(k) 8
1958 2 253 257

[6] g(5) = 37 13
1964 1547 1568

[7] ζ(12+it) 15 1965 2
159 173



[8] 12 1963
633 649

[9]

12 1963 751 764

[10]
17 1966 9 385 386

1973 2 111 128
1978 5 477 494

[11]
18 1975 5 611 627 22 1979 3 253
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[12]
21 1978 6 701 739

[13]
L

20 1977 5 529 562 22 1979 8 859
889 32 1989 6 654 673

[14]
23 1980 4 416 430 26 1983

714 731

[15]
1963

[16] 1987

[17] 1981

[18] G(n)
49 1985 5 935 947

[19]

303 1986 4 85 88
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1986 5 161 163



[20] ζ( 1
2

+ it)

4 13 1986 3 449 472
4 13 1986 3 473 486

[21]
370 1986 101 126

[22]
57 1988 3 1 24

[23]
29 1988 1 60 93

[24] N − p, p+2
42 1984 5 430 438

[25]
33 1988 15 1238 1240

[26]
19 1989 1 38 50

[27]
7 1991 279 289


