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1. Suppose every term in the sequence 1, 2,1,2,12,2 2, 2,2, 2,1, ... is either
1 or 2. If there are exactly2k —1) twos between thieth one and theg(k +1)-th
one, find the sum of its first 2016 termd Submitted by Philippines]

Solution

Let’s divide this sequence into a series of grogash group starts with 1 and is
followed by as many 2s as possible: {1, 2}, {1222}, {1, 2, 2, 2, 2, 2}, {1, 2, 2, ...,
2}. It is clear that thé&-th group containskterms whose sum equals

1+ (2k = 1)x 2= & — 1. The numbers of terms in these groups form ahrasatic
sequence. The total number of terms in firgroups equal

n(n+1)

2x1+ 2% 2+ ..+ Xn= X =nx(n+ )

Simplifying nx(n+1)< 201€, we get n<44. This means that 2016 terms in the

original sequence cover 44 complete group and tlapgroup. Hence there are 45
ones in the first 2016 terms an@016— 45 twos. Therefore, their sum equal
45x 1+( 2016~ 4%x 2 398.

ANS: 3987

2. Find all ordered triplesx(y, 2) of integers satisfying
X* +y*+2z°+3<xy+3y+ 2z. [ Submitted by Philippines)
Solution

First express the inequality agx —%)2 +%(y -2)°+(z-1)°<1.

Sincex, y, andz are integers, this implies= 1 andy =1, 2, or 3.
Wheny = 1, we obtainx* - x< 0, which has no integer solutions.
Wheny = 2, we obtainx* — 2x < 0, whose only integer solution s= 1.

Wheny = 3, we obtainx® - 3x + 2< 0, which has no integer solutions.
ANS: (1, 2, 1)

3. There are 2016 bus in a row. Each weighs an integrabers of kilograms.
Except for the rightmost one, the sum of the wedajlgach bus and twice the
weight of its right neighbour is 36000 kg. Determihe weight of the rightmost
bus in kg.



Solution

Let the cars be numbered 1 to 2016 from left thtriget the weight of theth bus be
12000+ x  kg. Then for1<i< 201%, (12000+x 3+ 2(12008 x,, ¥ 360C( so that
X ==2x,,. Hence x, = —2x, = 22X, =---= 2%, .= = 2°"% ... Now

2°°%°> 2'°= 65536> 3600. We cannot havex,,,,>0 as otherwise the first car will
have negative weight. We cannot haxg, <0 either as otherwise the first car will
have weight exceeding 36000 kilograms. Hengg, =0, which implies thatx =0

for all i. Thus each bus weighs 12000 kg.
ANS: 12000 kg

n-2016 .
——— isa
2116—n

positive square integral number. Find the sum labfahe possible values of
Solution

4. Letnbe a positive integer which is not less than 284 éhat

n-2016_100-a_ 100 ) 54is a factor of 100.
2116-n a a

Suppose2116-n=a, then

. n-2016 . 100 , . 5
Since i6on is a square, we can supposé-—1=n7, wheremis a positive
a

116—-n
integer. Thus@: m’ +1. Observe that only whem= 50, 20, 10 or 2n=1, 2, 3 or
a
: : n—-2016 .
7, respectively. So there are 4 possible valuessofthat we can makezw IS
-n

a square number. They are 2066, 2096, 2106 and Zhii4 the sum is 8382.

ANS: 8382

5. All vertices of a dodecahedron are white initiaBypme vertices of the
dodecahedron are to be painted red so that eaeltdetains a red vertex. What
is the largest number of vertices that are white?

Solution

Since there are 12 faces and each vertex liesadth@&m, the minimum is 4. Because

there are 20 vertices of a dodecahedron, the langesber of vertices that are not red

Is 20— 4= 1€. This can be accomplished as shown in the diagpelow where the

dodecahedron is represented by a planar graphharchbsen vertices are

represented by red circles.

Answer: 16 vertices




6. A 9-digit number consists of the digits 1, 2, 3, 9.in some order. Consider all
triples of consecutive digits and find the sumheige seven 3-digit numbers.
What is the smallest possible value of this sum?

Solution

Let the digits be, b, ¢, d, ¢, f, g, handi in that order. Thea only appears as the

leading digit of one three-digit number. Henceohiributes 108 to the sum.

Similarly, the contribution ob is 11, that ofh is 11h, that ofi isi, and that of any

of the five digits in the middle is 111 times ifséd follows that we must hava= 7,

b=6,h=8and =9, whilec, d, e, f andg can be any permutation of 1, 2, 3, 4 and 5.

The smallest value of the sum ®0+ 660+ 111(+ 2 3 4 5 88 ¥ 31.

Answer: 3122

7. The diagram below shows a triangle divided by seven
lines. Four of them join the top vertex to pointsiei
divide the base into five equal parts. Three ofrtlaze
parallel to the base and evenly spaced. If the @frdse
whole triangle is 900 ctnwhat is the area, in Grof

[S:)Tjtis(‘.)t:sded guadrilateral? / / \ \\\

The four lines from the top vertex divide the tgéminto five narrow triangles with
same area. The three lines parallel to the basgedilie triangle into four horizontal
strips. The top strip, the top two strips, the ttoee strips and all four strips form

four similar triangles whose areas are in the rafio 2° : 3 : 4°. Hence the areas of
the four strips are in the ratitr : 2°-1°: 3 -2°: 4 -3F=1:3:5: 7. Hence the
combined area of the middle two strips is equéiheocombined area of the top and
the bottom strips. It follows that the area of sh@ded quadrilateral is equal to

900><g x 2= 18Ccnt.
5 2

ANS: 180 cmi
8. The four dots at the corners of a 5 by 5 array@anmoved, as * &
shown in the diagram below. In how many differemtyg/ican « « o o o
we choose 3 of the remaining 21 points such tleat lile on a
straight line?
Solution e
In the diagram below, there are 6 green lines eaith5 dots, 4 o o o
blue lines each with 4 dots and 14 red lines eatth3wots. Hence the total number
of ways is the sum ofC x6=60, C;x4=16 and C;x14=14. The total is

60+ 16+ 14= 9C(.
[ ]

® ®

[ L 4 L 4 4 ®

ANS: 90 ways




