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Key Stage 3 - Individual Contest

Section A.
In this section, there are 12 questions. Fill in the correct answer in the space
provided at the end of each question. Each correct answer is worth 5 points.

1. If bothaandb are positive integers greater than 1, find thellgstgpossible sum

of aandb, such thatyava =b. [ Submitted by Bulgaria)
[ Solution)

\/ﬁ =b= av/a=b?= a’=b*. Thenb is a perfect cube. Wheh=2° =8, we get
a°=(2°)" = a=16. S0, a+b=16+8= 24
Answer: 24
2. Find the largest positive integeyin which there exists at least one integer
such that divides bothn*+1 and (n+1)* +1. [ Submitted by Sri Lanka]
[ Solution])
Let d|n*+1 and d|(n+1F+1, or d|n*+2n+ 2.
Then, d|(n®+2n+ 2)- 0*+ 1), or d|2n+1=d |H*+ 4+ |,
So, d|4(n*+ N+ 2)- (O*+ &+ 1,0r d|4n+7.
Then, d|(4n+ 7)- 2(h+ 1, or d|5, sodcan only be 1 or 5. The largesis 5.

Answer: 5
3.  Aregular hexagon is inscribed in a circle witdites 12 cm. The hexagon is
divided into 6 congruent equilateral triangles aadh of them has a small circle
inscribed in it. Another small circle is then drataaiching all the inscribed
circles. What is the area of the shaded region®e Tak 3.14. [ Submitted by

Bulgaria FPMG]




[ Solution])

The radius of smaller circle is = 3 12\/_3— 2\/?3 cm.

The area isS, - 7xS, =1Z7- 7x(2\f% (144 8Wr= 188 cnt.
Answer: 188.4 cm

4. Find the smallest positive integeso that 2 is a perfect square and i& a
perfect 7' power. [Submitted by Thailand)
[ Solution])
Let 2n=a” and 7n=Db’, wherea andb are positive integers.
ais divisible by 2—a” =2n is divisible by 2° andn is divisible by 2.
The same waw is divisible by 7.

Since we want to find the smallest positive integewe can letn =2°7% wherep
andq are positive integers.

Then, 2n=2"7"=a%, 7Tn=2"7"=p’.
If 2P"7% is a perfect square, thep+1 andq must be divisible by 2.
Let p+1=2p, g=2q, where p, and ¢, are positive integers.
If 2°P7% is a perfect 7 power, therp and q+1 must be divisible by 7 andmust
be perfect ? power. Thus,p=2p,-1=7s and q+1=2q, +1= %.
By inspection, we see that the smallest integerfor which 2p, —1 is divisible by
7is p,=4, p=2x4-1=1.
So, the smallest integeg, in which 2q, +1 is divisible by 7 isq, =3,
g=2x3=06.
Therefore, the smallest positive integes n=2"7°.
Answer: 2'7°

. o (21 Y (21
5. Find all possible integer valuesxfin which (?—ZJ - 2( < 2) X+ 42.

[ Submitted by Bulgaria]

[ Solution}

2 2 2
(2—1—2j —2(31— 2j+ 1=x+ 43= ([31 2) 3 =X+ 4, l.e. (2—1— j =X+ 43.
X X X X

Sincexis an integer, its left side accepts only wholeureal Therefores divides 21, ie.
x=%1,£3;+7;+ 21. When x=-7 and x=21 the numberx+43 is a perfect

square. It is easy to check that is a solution, but 21 is not a solution. Sox —7.
Answer: —7

6. Ifthe equation(a2 +3b2)x2 ~(4a+ &) x+ 7= Chas a root of 2017, wheseand
b are real numbers, find the sumeaodndb. [ Submitted by Bulgaria])



[ Solution])
If a=b=0, we get an equation, which has no solutions. $deast one of the
numbersa, b is different from zero and then the equation iadyatic. Discriminant
D=(4a+6b)" - 2§a’ + 3°)=-14a’- 4b+ #°)=- 1fa- B)°< for any a
andb. On the other side, given equation has a realwbet D > 0. It is possible only
when D =0, from where 2017 is the only solution of equatima a =2b. Therefore,
dJa+6b _14b 1

2017 = > = 2——,andb:i and a=——.
2@ +3°) 14b° b 2017 2017

Answer: ———
2017

7. If x>1, find all possible values ofthat satisfies the following equation:

X=2017_x-2018 2017 __ 2018 | o bioaria)
2018 2017 x- 2018 x- 201

[ Solution)
Substitute yzi(m and z=X"2918 1pen y—zzl—i, i.e.

2018 z y
(y-2)(yz-1)=0. Therefore,
(1) y=z, ie XZ2017_Xx= 2008 0y x=403%

2018 2017
(2) yz=1,i.e. X_2017x ol 2018:1, and x* —4035« = C.

2018 2017
Since x>1, x=403E.

Answer: 4035.

8. Inthe figure belowABC is an isosceles triangkth baseAB. Its orthocentrdd
divides its altitudeCD into two segment€H andHD, where CH =7cm and
HD =9cm. Find the perimeter of trianghBC, in cm. [ Submitted by

Bulgaria SMG]) C




[ Solution])
If CD intersects the circumcircle gfABC .7
at pointN, then/A\ADH LI/AADN. 2
So DN =DH =9. ’
For chords4B andCN, /
AD xDB =CD xDN = (AD)* =16x 9
= AD =12
AC? = AD?+CD?*=12*+16°= AC = 2(.
Hence, the perimeter gk ABC is
20+ 20+ 24= 6<m.

)> mm—————

Answer: 64 cm.
9. In quadrilateraABCD, [ABD =[1ACD =90° and a poinP is onAD so that

OAPB =[CPD, as shown in the figure below. IAP =24cm and DP =19cm,
find the value oPBx PC. [ Submitted by Thailand]

B

A P D
[ Solution 1]

Let M andN be onAD so that BM [J AD and CN [JAD. LetO be the midpoint of
AD. ConnecOB andOC.

A M OP N D
SinceOB andOC are medians of the hypotenuse of the right tries®yBD andACD,
respectively, OB=0C =0A=0D :%AD. Now let AM =y and DN =X, then



from OB*>-OM?=BM *=PB*-PM ? we have
B2 - (OA— AM )2 = PB2 - (PA— AM)?
OB? —OA®* +2xOAx AM — AM ? = PB?- PA?+ 2x PAx AM — AM 2
2x OAx AM = PB? - PA? + 2x PAx AM
PA? — PB? =2x PAx AM — 2x OAx AM
242 - PB2 = 5y
PB2 =576 5y

Similarly, we also havePC? =5x+ 361 from OC?-ON?*=PC?*-PN?,

Since OMPB =[NPC and OBMP =90° = [ICNP, trianglesBMP andCNP are
PB_PM _AP-AM _24-y _120- Fy

PC PN CP-CN 19-x 95 5

similar. Hence,

PB _ PB®-456
PC 456-PC*’
Hence, PB(456- PC?)= PC (PB® - 456), i.e. (PB+ PC)PBxPC =456(PB + PC).
Thus, PBxPC =456.

[ Solution 2)
Since JABD =0UACD =90°, we know that pointé, B, C andD are concyclic.
Let point C' be symmetric point of alongAD, as shown in the figure below.
Then, we havelJC'PD =[CPD = [JAPB. Hence, point8, P andC’ are collinear.
Using the Intersecting Chord Theorem, we get

BPxPC=BPxPC'= AP x PD =24x 19= 45¢.

Observe thatl20- 5y = PB® — 45¢ and 95— 5x = 456- PC?, so

Answer: 456



10. Agirl tosses a fair coin 100 times and a boy tess@air coin 101 times. The

boy wins if he has more heads than the girl hdgrotise, he loses. Find the
probability that the boy win this game[ Submitted by Central Jury])

[ Solution)
Let us pause the game just before the boy makdadtigss. At this point, both
players has made 100 tosses or a total of 200stassd!. If the girl got more heads
than the boy did, the last toss wouldn’t help Hinme got more heads than the girl
did, the last toss is unnecessary. By symmetrgetio scenarios are equally likely.
The last toss only matters if both have the sanmebyeu of heads at this point. On the
last toss, the boy wins if he gets a head, angld$ee gets a tail. Since the coin is
fair, either is equally likely. Overall, there i58% probability for the boy to win the
game.

Answer: 50%

11. A 6x6 chessboard is formed by using 36 unit squares. iHawy different

combinations of 4 unit squares can be selected fhenchessboard so that no
two unit squares are in the same row or columhSubmitted by Thailand]

[ Solution)
After one of the 36 blocks is chosen, 25 of theaimingblocks do not share its row or
column. After the second block is chosés®, of the remaining blocks do not share a
row or column with either of thirst two, 9 of the remaining blocks do not sharew
or column with either of thdirst two. Because the four blocks can be chosesmin

. 36% 25x 16x 9

order, the numbeaaf different combinations is 4 =5400

12. If abcd is a 4-digit number, where each different letepresents a different

digit such thata<b, c<b and c<d. How many such 4-digit numbers are
there?[ Submitted by Bulgaria FPMG])

[ Solution)
Observe thata# 0 sincea is the leading digit of a four-digit number.

If
If

b=2,thena=1, ¢c=0 and hence3<d <9. There are 7 such numbers.
b=3,then a=1 or 2.
As a=1,thenc=0 or2.Whenc=0,thend=2 or 4<d<9.There are 7
such numbers. Wher =2, then 4<d <9. There are 6 such numbers.
As a=2,thenc=0 orl.Whenc=0,thend=1 or 4<d<9.There are 7
such numbers. Wher =1, then 4<d < 9. There are 6 such numbers.
Hence there are totallgx (7+ 6)= 2€ such numbers.

b=4, then there are totall3x (7+ 6+ 5)= 5¢ numbers by similar argument.

b=5, there are totallydx (7+ 6+ 5+ 4)= 8¢ numbers by similar argument.

b=6, there are totally5x (7+ 6+ 5+ 4+ 3= 12! numbers by similar argument.

b=7, there are totally6x (7+ 6+ 5+ 4+ 3+ 2F 16. numbers by similar argument.

b =8, there are totally7x (7+ 6+ 5+ 4+ 3+ 2+ 1 19 numbers by similar argument.
b=9, there are totally8x (7+ 6+ 5+ 4+ 3+ 2+ 1 22. numbers by similar argument.

So, there is a total o + 26+ 54+ 88+ 125 162 196 224 8 numbers.

Answer: 882



Section B.
Answer the following 3 questions, each question is worth 20 points. Partial
credits may be awarded. Show your detailed solution in the space provided.

1. Let a, B and y be the three roots of the polynomiaf —5x+ 1. If p andg are
relatively prime positive integers such that

_P_ a’ N S N y:
q (68+)(6y+) (@+3(e+) (B+ N 6+ )
Find the sum op andq. [ Submitted by Bulgaria FPMG])
[ Solution]
Note that (x—a)(x-B)(x-y)=x’-5x+1=a+B+y=0, aB+py+y=-5
and axgBxy=-1.
Also, it follows that,
O:(a+,8+y)2:02+,82+y2+2(a,8+,8y+ay):>az+,82+y2:10. Now
a,3 . ﬁ3 . y3
(68+1)(6y+1) (@+3(e+) (B+ Y 6+ )
(5o -1)(Er+)+(5B- I B+ I+(F- W o+ )1
(6a+1)(68+1(6/+ 3
) 30(a*+ B +y?)-(a+B+y)-3
21608y + 3daB+By+ay)+ §a+B+y)+ 1
297

395
Hencep+q=297+ 395 69.

_P
q

Answer: 692
[ Marking Schem@

® [ull solution with correct answer, 20 marks.
® Correct answer only, 10 marks.

a+[+y=0
® Finding a,8+ay+ya=—51 5 marks

afy=-1

(a® =50 -1

s=548-1
or P P , 5 marks
y'=5y-1
a2+,82+y2=10




2. A 21x 21 table contains 21 copies of each of the numbe2s3,,. . ., 20 and 21.
The sum of all the numbers above the main diag@hiadonal from the top-left
cell to the bottom-right cell) is equal to thremdis the sum of all the numbers
below the main diagonal. Find the sum of all thenbars on the main diagonal of
the table.[ Submitted by Central Jury])

[ Solution)
There are 21 numbers on the main diagorzdlx 10= 21( numbers above it and 210
numbers below it. The sum of the largest 210 numiser
21x (12+ 13+ 14 15 16 1¥ 18 1 20 29) 21 |

while the sum of the smallest 210 numbers is
2Ix(I+ 2+ 3+ 44+ 566 A & 9 10 24 &
Since the former is exactly three times as larghasatter, the largest 210 numbers
should all be located above the main diagonal hadginallest 210 numbers are all
located below the main diagonal. In other wordgrgwumber on the main diagonal
should be 11. Hence, the sum of the numbers oméue diagonal isl1x 21= 23..
Answer: 231
[ Marking Schemg
® |dentified how many numbers are there above, balogvon the main diagonal,
5 marks
® Calculated the largest possible sum of 210 numbersgrks
® Calculated the smallest possible sum of 210 numbarsarks
® Deduced that the numbers on the diagonal shoulwkdlll and arrived with the
correct answer, or correct answer only (without exglanation), 5 marks.

3. In the figure belowABCD is a square. Points Q andP are on sidesB, BC and
CD, respectively, such thaPE [0 AQ and/AAQP is equilateral triangle. Poilfit
is inside APQC such that\PFQ and AAEQ are congruent. IfEF =2cm, find
the length ofFC, in cm. [ Submitted by Bulgaria}

D P C




[ Solution])

From AD =AB and AP = AQ, it follows D P C
/AADPLAABQ and OODAP =0QAB =15°. ANAQP is
an equilateral triangle, $8E is a symmetrical té&\Q and E

AN\AQE is isosceles AE = EQ). Therefore,

OQAE =[JAQE =15° and OAEQ=15C.

Now, from APFQLIAAEQ it follows thatF lies on the
bisector of IPCQ, i.e. on diagonahC. Q
OFQE =0FQP +OPQE + DAQE =15°+ 60 + 15 = 90
and fromAPFQLIAAEQ we have FQ=QE, i.e. AFQE
IS Isosceles right-angle triangle. Thereforé®

AE:FQ:EQ:%:JE.

But APCQ is isosceles right-angle triangle, so
OFQC =0PQC - OPQF =45°-15 = 30.
From DAFE =180 - 45 -(180- 45- 30= 3 and OBAC=0ACB=45, it

follows that triangle$AE andQCF are similar with coefﬁmentFQ =/2. Therefore,

l.e. FC=1cm.

J3=EF _AE _V2

FQ FC FC'
Answer: 1 cm

[ Marking Schemg

® Correctly establish relationships of different tigges/angles (without any

mistakes), up to 5 marks.

Establish the relationship betweleR andFQ, 5 marks

Establish the fact th&AE andFQC are similar triangles, 5 marks

Finding the correct answer with explanation, ordrks

Correct answer only (without any explanation), Oksea



